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Abstract

I study the measurement of the influence of scientists based on bibliographic data. I
propose a new measure that accounts for indirect influence and allows to compare scientists
across different fields of science. By contrast, common measures of influence that “count
citations”, such as the h-index, are unable to satisfy either of these two properties. I use
the axiomatic method in two opposite ways: to highlight the two limitations of citation-
counting schemes and their independence, and to carefully justify the assumptions made

in the construction of the proposed measure. (JEL: C43, D85, A11, A12)

1 Introduction

Scientists, the proverb says, are standing on the shoulders of giants. But who are those giants?
The metaphor emphasizes that science is a collective endeavor, in which each researcher is
intellectually indebted to other eminent scholars. This dependency is observable in bibliographic
databases, containing the works of various researchers, and the links between these works, as

established by the system of references. In this article, I propose to view each scientist as

*I would like to thank FErnesto Dal B6 and Rafael Treibich for useful discussions on this project. All errors

are mine.
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a holder of intellectual debt, and to use a bibliographic database to recover the owners of
intellectual liabilities. The influence of each scholar is then defined as her total liability, which
measures her “gigantism” in the database.

In the proposed measure, each scientist holds a unit of debt, that is divided equally among
her articles. The portion of debt of each article is divided in two parts: a fraction § € (0, 1) is
owned by the references of the article, and again shared equally, while the remaining fraction
(1 —§) goes to the (direct and indirect) references of these references. The process is iterated
ad infinitum. Finally, each scientist owns the liabilities of all of her articles.

I claim that the measure combines two features that are widely recognized as desirable for
a measure of influence. First, as the definition above makes clear, the measure accounts for
direct as well as indirect influence (Palacios-Huerta and Volij, 2004), and this indirect influence
is precisely traced back at the level of each article. Second, the measure satisfies a property of
field comparability: if the database can be divided in two separate fields of science, then the
average influence of scientists will be the same in the two fields. This fact quickly derives from
the observation that, in such a configuration, the total liability of a field equals its total debt,
which is precisely its number of scientists.

The point of view expressed here is at odds with prominent measures of influence that
“count citations”, such as the h-index (Hirsch, 2005) or the Euclidean index (Perry and Reny,
2016), to which Section 3 is devoted. I first provide an axiomatic characterization of the class
of such measures, that I label citation-counting schemes. The result highlights the inability
of these schemes to account for indirect influence, and to allow for comparisons of scientists
across different fields. I discuss the main remedy proposed in the literature to circumvent this
last defect, the idea of field-normalization (Radicchi et al., 2008), and I argue that it leads to
serious conceptual difficulties.

The measure of influence described above is formally defined in Section 4, in three consec-
utive steps. First, a bilateral measure of influence between papers is introduced. Second, this
first measure is aggregated to define a bilateral measure of influence between authors. Third,

an influence index is defined for each author. The construction of the measure is justified by



an axiomatic characterization for each aggregation step, followed by a critical discussion of the
assumptions made at each step. While the analysis is performed in a simple setting with single-
authored papers and without self-citation, I show that these two assumptions can be dropped
in a flexible manner.

The present article aims to contribute to the literature on the measurement of influence in
science, which started with the introduction of large bibliographic databases in the 60s and 70s.
While initial works addressed the measurement of the influence of academic journals (Garfield,
1972; Pinski and Narin, 1976), a more recent literature focused on the measurement of the
influence of scientists, following the introduction of the h-index by Hirsch (2005). A sizable
part of this literature has been devoted to the introduction and analysis of various citation-
counting schemes, proposed as alternatives to the h-index. The axiomatic method has been used
to characterize some of these indices, such as the h-index (Woeginger, 2008; Marchant, 2009),
the Euclidean index (Perry and Reny, 2016) or the class of step-based indices (Chambers and
Miller, 2014), in each case within the class of citation-counting schemes. Recently, Bouyssou
and Marchant (2016) characterized the fractional citation count' within the much broader class
of influence measures for authors defined on bibliographic databases. The analysis of Section 3
is developed in a very similar framework, but it provides a characterization of the whole class
of citation-counting schemes, rather than that of a particular index.

As common measures of influence create biases across fields, a pervasive theme of the litera-
ture on citation metrics is the idea of field-normalization (loannidis et al., 2016). For instance,
Radicchi et al. (2008) show that, by appropriate normalization of citations in different fields of
science, one obtains a distribution of normalized citations per paper that is universal. Building
on this work, Perry and Reny (2016) introduce the property of homogeneity for a citation-
counting scheme, which guarantees that re-scaling citations across fields does not alter the
relative ranking of scientists within a given field. With regard to this literature, the present
article aims at clarifying the notion of comparability across fields. It introduces a property of

field comparability that is weaker than the concept of field-normalization. Field comparability

IThe fractional citation count is very close to be a citation-counting scheme, in a sense that is made clear in
Section 3: it satisfies all the axioms that characterize citation-counting schemes but the Splitting axiom.



requires the average influence to be the same for disjoint fields of science, but allows to account
for imbalances between related fields. Such imbalances have been empirically documented in
the social sciences (Angrist et al., 2017).

Another difficulty of citation metrics has been to account for indirect influence, which is
nevertheless decisive because of the cumulative nature of scientific research (Scotchmer, 1991).
Palacios-Huerta and Volij (2004) study a measure of influence for journals, the invariant method,
for which citations from (endogenously) influential journals weigh relatively more.” This recur-
sive method exploits the fact that journal-citation matrices can be assumed to be irreducible,
a property that is likely not to be met by author-citation matrices or paper-citation matrices.
Consequently, recursive methods akin to the PageRank algorithm have been proposed for the
measurement of the influence of scientists (Radicchi et al., 2009; West et al., 2013) and of papers
(Chen et al., 2007). The methods are justified by a process of diffusion of scientific credit in the
author-citation network (resp. paper-citation network), that includes a positive probability to
be teleported on any given author (resp. paper) at each step. This teleportation component of
the diffusion process allows the index to be well-defined, but lacks a proper justification. More
importantly, measuring the influence of authors on the basis of an author-citation network
creates biases as indirect influence is measured at the aggregate level of authors (Wang et al.,
2016). By contrast, the measure proposed here uses the full paper-citation network to compute
an influence index for authors, allowing to trace back indirect influence as precisely as possible,
and without creating aggregation biases. In the proposed index, indirect influences of different
orders are aggregated through a discounted sum, as suggested by Klosik and Bornholdt (2014)
for the measurement of the impact of a single paper. The characterization of the bilateral
measure of influence between papers in Section 4.3 provides a justification for this method.

Finally, the article lies in the broader research program of applying the axiomatic method
to the measurement and analysis of big data (Patty and Penn, 2015). The axiomatic analysis
of the proposed index developed in Section 4 is particularly indebted to the recent work of

Bloch et al. (2016). They provide abstract characterization results, that, they show, allow

2An elegant variation on this method is the handicap method proposed by Demange (2014), for which
citations from journals citing (endogenously) influential journals weighs relatively more.



to characterize a large class of centrality measures in networks. Suitable adaptations of their

results reveal useful for the present analysis.

2 Model

Authors and papers. The set of authors is denoted by A, and the number of authors is A.
Each author a € A has written a set of papers P,, containing P, papers. The set of all papers is
denoted by P = U,ec4P,. The collection of the sets of papers written by each author is denoted
by Pa = (Pa)aca.

Citations and references. Papers in P are related through a directed network n : P x P —
{0, 1}, where n(p, q) = 1 means that ¢ cites p. For a given paper ¢ € P, the set of references is
R, ={p € P,n(p,q) = 1}, and its number of references is noted R,. For a given paper p € P,
the set of citations is C, = {q € P,n(p,q) = 1}, and its number of citations is noted C,.
Bibliographic databases. With the above notations, a database is a collection d = (A, P4, n).
For the clarity of the exposition, I focus in this article on the set of databases D such that each
paper is single-authored, there is no self-citation, and each author cites at least one other author.

Formally:

Va,b € A, a # b, P, NP, =10
D=qd=(APasn) , VYac AVpqcP,, n(p,q) =0
Va € A,3g € P,,3Ip e P\Pa, n(p,q) =1

Measures of influence. A measure of influence for authors I (or influence index I) assigns
to any database d = (A, P4,n) € D a vector of scores I[d] € RA. The number I[d](a) is the
influence of author a in the database d, as measured by the index I.

Neutral measures. A measure [ is neutral if the allocation of influence to authors is indepen-
dent of their names and of the names of the papers. Formally, neutrality requires that for any
bijection of authors 7 : A — A’ for any bijection of papers o : P — P, if d = (A, Py, n), if
d = (A Py,n') with P, = (U(Pﬂ—l(a)))aeA, and n’ (o(p),o(q)) = n(p,q) for all p,q € P, then



I[d'](m(a)) = I]|d](a) for all a € A. Neutrality is a very weak property that will be satisfied by
all measures considered in the article.

Example 1: the Euclidean index. This index, introduced by Perry and Reny (2016), is
defined by:*

97 1/2

Id)(a) = | > (Z n(p, CI)) =

pEPa \qEP

1/2
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This index does not account for indirect influence, and it is not comparable across fields. To see
the latter point, consider a database divided in two independent fields, with the same number
of authors. Assume that each author of the second field can be mapped to an author of the
first field with twice as many citations for each paper. The average index in the first field will
be twice the one of the second field.

Example 2: a comparable measure. Consider the following measure:

Mmzzzézéwm

pEP, be A q€Py

As the Euclidean index, this measure is a simple index that only accounts for direct influence,
as only direct citations to a’s papers are counted to compute a’s score. However, contrary
to the previous example, I claim that this index is comparable across fields. Indeed, we have
>wealld)(a) = A Therefore, if the database is divided in two disjoint fields, the average
influence will be the same in the two fields. In Section 4, this index is extended to account for
both direct and indirect influence.

Example 3: a comprehensive measure. Consider the following measure:

Id)(a) = Y>> “n(p.a)nlq.r).

pEPq qEP rEP

As the Euclidean index, this measure is a simple index that is not comparable across fields.

3To be precise, Perry and Reny (2016) characterize the Euclidean index as an ordinal measure. The formula
exhibited here coincides with their recommended cardinalization of the ordinal measure.

1 1
*Note that ZaG_A I[d](a) = ZpG'P ZbeA P%, qupb R—n(p, q) = Zbe.A P%, qupb <Zp€73 Fn(p’ Q)) = A
q q



However, the index accounts for some indirect influence, as I[d](a) corresponds to the total
number of citations obtained by papers citing a’s papers.”

In the sequel, I show in Section 3 that the inability of the Euclidean index to allow for
comparisons across fields, and to account for indirect influence extends to all indices that
“count citations”. Moreover, these two defects of citation-counting schemes are independent,
and each one can be dropped independently of the other, as hinted in Examples 2 and 3. Then,
I define a new measure in Section 4 that drops these two deficiencies at the same time, and I

carefully justify the construction of the measure.

3 Citations-counting schemes

Following the introduction of the h-index (Hirsch, 2005) to measure the productivity of sci-
entists, a large number of other indices that “count citations” have been proposed. The
popularity of these indices probably lies on the parsimony of information used: an author
is identified with the collection of the citations counts of each of her papers. This collec-
tion can be viewed as a multiset on N, this is, a function m,[d] : N — N, defined by
Vk € N, mg[d](k) = #{p € P.,C, = k}. The number m,[d](k) represents the number of
papers written by a and receiving exactly k citations in the database d. The set of all multisets
on N is denoted by M.
Citation-counting schemes. A measure of influence [ is a citation-counting scheme if there
exists a function /' : M — R such that: Vd € D, I[d](a) = F (m,[d]).

Citation-counting schemes include, but are not limited to, step-based indices (Chambers
and Miller, 2014), such as the h-index, and measure-based indices (Palacios-Huerta and Volij,

2014), such as the Euclidean index.

5Note that with this crude measure, if a paper cites two of a’s papers, it is counted twice.



3.1 Axioms

This section introduces five axioms on measures of influence. The first axiom applies when we
have two disjoint databases d,d’ € D, such that AN A" = 0 and P NP’ = (. In that case, we
note d” = d & d’ the union of the two disjoint databases, defined by d” = (A", P’4,,n"), where
A" =AU A, P = ((Po)aca;s (P.aca) and n” = nlpyp + n'lpyp.% The first axiom requires
the score of each author to be unaffected by the addition of a disjoint database.

Separability. For any two disjoint databases d,d’ € D, we have:

Vae A, I[d® d)(a) = I[d)(a).

The following property expresses the fact that the references of an author should not affect her
score. Note that this property, while primarily desirable from a normative point of view, also
prevents an author from increasing her score by manipulating her references.”

Reference Independence. For any author a € A, we have:

Vg € Po,Vp € P\Ps, n(p,q) =0 = I[d = (A Pa,n+Lipq)l(a) = Id](a)

The next axiom states that splitting an uncited paper into two papers with disjoint reference
lists should not affect the score of any author. This property limits the possibility of normalizing
the source of citations.

Splitting. Let b € A and ¢ € P, such that C, = 0. If P, = P, U{¢'}, with ¢’ ¢ P, and n’
is such that R} UR, = Ry, R, NR,, = () and Vr # ¢, R, = R,, then:

Vae A Id = (A P, n)(a) = I[d)(a).

The following axiom requires the score of an author to be independent of the identity its

citations. As we shall discuss in Section 3.2, this property prevents the measure to account for

SNote that with this definition, d” € D.
"In the context of the measurement of influence for journals, Kéczy and Strobel (2009) observes that the
invariant method is vulnerable to precisely this type of manipulation.



indirect influence at the level of each paper.

Citation Anonymity. For any permutation o : P — P such that Va € A, o(P,) = P,, if

Vp,q € P,n/(p,q) = n(p,o(q)), then:

Vae A, I[d = (A P n)(a) = I[d)(a).

The last axiom of this section requires the score of an author a to be independent of the
assignment of papers not written by a to other authors. As we shall discuss in Section 3.2, this
property prevents the measure to be comparable across fields.

Author Anonymity. For any two databases d = (A, P4, n) and d’ = (A, Py, n) in D such

that P = P’, for any a such that P, = P!, we have:

1[d" = (A, Py, n)l(a) = I[d)(a).

3.2 Result and discussion

The main result of this section is the following characterization of citation-counting schemes.

Theorem 1. A neutral measure of influence I satisfies Separability, Reference Independence,
Splitting, Citation Anonymity and Author Anonymity if and only if I is a citation-counting

scheme. Moreover, the 5 axioms are independent.

Theorem 1 clarifies the assumptions that are made when one uses a citation-counting scheme,
such as the h-index or the Euclidean index, to measure the influence of authors in a database.
On the one hand, such an index satisfies two properties that seem particularly appealing. First,
Separability means that the score of an author does not depend on the pattern of citations in
a field that is independent from the author’s field. Reference Independence implies that the
references of an author are not useful to assess her own influence in the database. On the other
hand, it appears that citation-counting schemes combine three other independent properties
that are problematic for measuring the influence of scientists.

The first problematic assumption, and perhaps the more benign one, is Splitting. Because

9



splitting any uncited paper does not change the index of any author, this property suggests
that papers with more references will be relatively more important in the assignment of credit
to authors. For instance, a paper with 50 references would be equivalent to 10 papers with 5
references each. This runs into contradiction with the idea of source-normalization, according
to which each source of citations must account for the same level of influence. As an example,
Splitting is violated by the fractional citation count (Bouyssou and Marchant, 2016).%

The second problematic axiom is Citation Anonymity. When it holds, indirect influence
between papers cannot be taken into account for the index. Consider for instance a paper p,
cited by a paper ¢, which is itself cited by a paper r. By Citation Anonymity, one can permute
the citations of p without altering the index. It follows that the statement “p is indirectly
cited by r” is not a meaningful statement for the computation of the index. It seems that this
limitation is a serious one, as it implies that being cited by an uncited paper is equivalent to
being cited by a paper with 100 citations.

Note that, in all rigor, Citation Anonymity still permits to account for some indirect in-
fluence, at the level of authors. Indeed, the permutation of papers used to define the axiom
respects the partition of papers into authors, and therefore preserves the global flow of citations
between authors. This allows to use network-based methods akin to the PageRank algorithm to
measure the influence of authors recursively (Radicchi et al., 2009; West et al., 2013). However,
these procedures will inevitably lead to biases in the assessment of indirect influence. Consider
for instance an author A, with two papers, one that is uncited and one that is highly cited. If
author B gets a citation from A, she will gain a lot of influence in a recursive index (A is a
highly cited author), even if she is cited by the uncited paper. Assessing indirect influence at
the author level therefore seems too crude if one has access to the citation network between
papers.

The last problematic property is Author Anonymity. It implies that the assignment of
authors other than a to papers not written by a will not affect the influence of a. As an

illustration, a paper with 100 citations will be judged equally influential whether these citations

1
8Fractional citation count: I[d](a) = D pePy DogeP R—n(p, q).
q
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all come from the same author or from 100 different authors. This seems disputable from a
normative perspective, and also raises the issue of the possibility of manipulating the measure.
But more importantly, this single axiom prevents the measure of influence to be comparable

across fields, as discussed in the next section.

3.3 Comparisons of authors across fields

The idea that an influence index should be comparable across different fields of science is
pervasive in the literature on bibliometrics. Nevertheless, common citation-counting schemes
are known to produce significantly different results across fields, because of their varying sizes
and of their different traditions in terms of publications and citations. As a result, there seems
to be a consensus that citations should be normalized by field, so as to allow for meaningful
comparisons across fields (loannidis et al., 2016). For instance, Perry and Reny (2016) propose
to divide the number of citations of a paper by the average number of citations per paper

9 In this section, I argue that

in the paper’s field, before computing the Euclidean index.
field-normalization leads to serious conceptual difficulties. I thus propose a weaker notion of
field comparability. 1 show that this property is incompatible with Author Anonymity, and is
therefore violated by any citation-counting scheme.

There are at least three important issues with the notion of field-normalization. First, field-
normalization creates biases between fields. Indeed, even if most citations are issued within
fields, there are important flows of citations across fields, and these flows may not be balanced.
For instance, Angrist et al. (2017) report substantial and unbalanced flows of citations in
recent decades across fields in the social sciences.'” In such circumstances, field-normalization
underweights the influence of influential fields, and overweights the influence of fields “under

influence”.

Second, field-normalization is sensitive to the level of aggregation retained to perform the

9Tt has also been suggested to normalize a given index by field (Kaur et al., 2013). Perry and Reny (2016)
provide a discussion of the relative merits of the two approaches.

0Tn Figure 2 of Angrist et al. (2017), one observes that, in 2010, less than 3% of citations from economics
journals are given to political science journals, while more than 10% (almost 15%) of citations from political
science journals are given to economics journals. Note that, in this figure, citations from a given journal are
weighted by the importance of the journal within the journal’s field.

11



normalization. Consider two authors who obtain the same list of citations counts. Suppose that
the first is an economic theorist, while the second is a graph theorist. As papers are more cited
in economics than in mathematics, it seems that the second author should be considered more
influential, if one admits the notion of field-normalization. At the same time, if one observes
that papers are more cited in graph theory than in economic theory, one must also conclude that
the first author is more influential than the second one. It follows that field-normalization is an
ambiguous notion, that crucially depends on the level at which the normalization is performed
(Zitt et al., 2005).

The third difficulty concerns the categorical definition of fields. Depending on the database
under consideration, the partition of papers into fields can be obtained either exogeneously by
an external observer, or endogenously from the database, thanks to suitable network methods
(Copic et al., 2009)." 1In any case, the problem arises that many authors and papers lie
at the intersection of different fields. This difficulty seems to limit the applicability of field-
normalization at the level of the whole database.'?

To avoid the pitfalls associated with field-normalization, I propose a weaker property of
field comparability. The axiom requires the average influence to be equal for two different
fields of science, only in the extreme case in which the two fields are completely disjoint. With
this property, imbalances between interrelated fields are allowed, and the definition of fields is
unambiguous.

Field Comparability. Let d € D be divided in two disjoint fields: there is a partition

A= A' U A? such that for all (p,q) € (UsearPa) X (UaeazPa), n(p,q) = n(g, p) = 0. Then:

In the sequel, I prove the incompatibility between this property and Author Anonymity. For

that, I introduce the following weak axiom, guaranteeing that the measure is non-degenerate.

1A common strategy is to obtain a categorization of journals into fields with either method, and then to
deduce the field of a paper from the journal where it has been published.
12For instance, Perry and Reny (2016) restrict their empirical analysis to economists working in a single field.
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Null Author.” Let d € D and a € A. We have I[d](a) >0 < JpeP,, C,>0.

We obtain the following impossibility result.

Proposition 1. There is no measure of influence satisfying Null Author, Author Anonymity

and Field Comparability.

As a corollary of Proposition 1 and Theorem 1, we obtain that citation-counting schemes
are not field comparable. It remains possible to perform field-normalization before or after
computing such an index, but we have argued that such normalization is inherently arbitrary
and potentially biased. On the contrary, I propose in the next section to move beyond the idea

of counting citations: I introduce a novel influence index that is comparable across fields.

4 An alternative measure of influence

In this section, I define a new measure of influence, Is, that is computed in three consecutive
steps. As we look for a measure that is field comparable, we know from Proposition 1 that
the measure should not only assess the influence of an author on papers, but also on authors.
The index Is is thus constructed from a bilateral measure of influence between authors, Aly.
Moreover, we want to account for indirect influence, but without creating the aggregation biases
arising when indirect influence is assessed at the level of authors. Therefore, the measure Al is
based on a bilateral measure of influence between papers, Pls. This last measure is built from
the network n to combine direct and indirect influence.

For the clarity of the exposition, I define and study the measure of influence I for a database
d € D such that each paper has at least one reference: Vg € P, R, > 1. I explain in Section 4.4

that this assumption is not substantive and can be dropped in a flexible manner.

4.1 Definition of the measure of influence I;

Bilateral influence between papers. For two papers p,q € P, the direct influence exerted

1
by paper p on paper ¢ is defined by PIi(p,q) = En(p, q). This measure is normalized: the
q

13The terminology follows the Null Player property from the theory of cooperative games (Shapley, 1953).

13



total influence exerted on any given paper is equal to 1.

The indirect influence of order k > 1, exerted by p on ¢, is defined recursively by P, 1(p,q) =
> vep Pli(p,7)PIi(r, q). For instance, the influence of order 2 exerted by p on ¢ will be positive
if there exists a paper r, cited by ¢ and citing p. The measure is again normalized.'*

Finally, for a given discount factor § € [0, 1), the d-discounted influence of p on ¢ is given
by Pls(p,q) = (1 —9) ;::i 681 PI.(p, q). In this definition, the factor § reflects the relative

importance of indirect versus direct influence.

Bilateral influence between authors. For two authors a,b € A and a discount factor

d €[0,1), the o-discounted influence exerted by author a on author b is defined by

AL ) = Y 5 3 Plitpea).

pPEPqy q€Py

The measure is normalized: the total influence exerted on any given author is equal to 1.

Influence. For an author a € A and a discount factor ¢ € [0,1), the d-discounted influence

of a is defined by Is(a) =, 4 Als(a,b)."”

How does this new measure relate to the analysis performed in the last section? It is easy to
see that the measure is neutral and satisfies the appealing axioms of Separability and Reference
Independence. However, the three other axioms are violated. Splitting is violated, as the
measure Pls is normalized: adding references to an uncited paper does not increase its weight
in the allocation of influence. Citation Anonymity is also violated, as the construction of Plj
accounts for indirect influence at the level of papers. Finally, as Als is normalized, and by
definition of Is, the property of Author Anonymity is not satisfied.

As we have seen in the previous section, the violation of Author Anonymity opens the door

to comparability of authors across fields. Indeed, the measure I5 satisfies Field Comparability,

4Note one subtlety in the definition of PI: all paths of length & in the network n are not equal. Indeed, the
strength of a path depends on the outdegree of the nodes composing the path: the indirect influence of p on ¢
is more important if all papers along the path have a unique reference than if they have multiple references.

15 As the database d is kept fixed in this section, it is omitted in the notations, and I(a) stands for I[d](a).
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since we have:

> Isa) = ZZP% > > Pli(p.q) = ZP% 3 (Z PI5(p, q)> _ A

aceA a€A be A PEPa qEPy beA qEP, \peP

In the sequel, I properly justify each step in the construction of the measure I;. For this,
I introduce six axioms that apply to arbitrary aggregation functions, following the approach

proposed by Bloch et al. (2016) to characterize a large variety of centrality measures in networks.

4.2 Axioms on aggregation functions

In the definition of the measure of influence Is, each step performs an aggregation, by which
a collection of statistics is merged into a single statistic. It is therefore convenient to define
axioms directly at the level of aggregation functions. Starting from a sequence of statistics s =
(51)iec € [0,1]%, where £ C N is an index set, an aggregation function f : [0,1]* — R associates
to s an aggregate statistic S = f(s). We define six properties on aggregation functions.
Monotonicity. If for all Il € £, s] > s;, then f(s") > f(s).
Homogeneity. For all A > 0, f(\.s) = Af(s).
Independence. For any partition £ =7 UK, f(s7,sc) — f(s7,5k) = f(5'7,56) — [(5'7, sk)-
In the sequel, all aggregation functions that we will consider satisfy these three properties.
To simplify the notations, we say that a function f is regular whenever it is monotonic,
homogeneous and independent.
Symmetry. For any permutation 7 : £ — £, we have f(s,) = f(s).
The next two properties only apply to the case £ = N*.
Recursivity. For all s,5" € [0, 1], f(s],sh,...) (0, 81,82, ...) = f(51,52,...) (0, 8], 8h, ...).
Recursivity implies that f(s")/f(s) = f(0, s}, sh,...)/ f(0, s1, S2, ...), when the two ratios are
well-defined. As Bloch et al. (2016) put it, “recursivity requires that the calculation being done
based on later stages of the [sequence of statistics] look ‘similar’ (in a ratio sense) to those done
earlier in the [sequence of statistics|”.

For the next property, we introduce the set Z C [0, 1] of sequences that converge to zero.

15



Formally Z = {z € [0, 1] | limj_ 400 2x = 0}
Long Run. For all s € [0,1]N, for all € > 0, there exists a sequence z € Z such that
f(s-2) = f(s) —e.

Long Run emphasizes that what happens at the very end of a sequence of statistics should

not matter too much for the computation of the aggregate statistic.

4.3 Characterization of each aggregation step

This section aims at formally justifying the proposed measure of influence. For each of the three
steps, a characterization result is provided, describing conditions under which the aggregation

is realized.'®

Bilateral influence between papers. A bilateral measure of influence between papers is a

function PI: P x P — R. It is normalized if Vg € P,>_ _, PI(p,q) = 1. The following result

peEP

characterizes the d-discounted influence Pls.

Proposition 2. Let PI be a normalized bilateral measure of influence between papers, defined
as PI(p,q) = f ((PIx(p,q))k>1). Then, f is reqular, recursive and satisfies long run if and only
if there exists § € [0,1) such that PI = PlIj.

Proposition 2 highlights the assumptions made to define the d-discounted influence PlI;.
First, the influence between papers is supposed to depend on the normalized influences of
various orders. Accounting for all possible orders of indirect influence is a prerequisite here, as
we want to avoid the too narrow focus on direct influence, that characterized citation-counting
schemes. Moreover, taking as arguments normalized measures of influence is important, as it
allows to weight the various orders of influence in a transparent manner.

Second, the important axiom at stake in Proposition 2 is recursivity. It implies that the rel-

ative importance of the indirect influence of order k+1 relative to that of order k is independent

of k.

16]deally, one would want to characterize the class of influence indices that are computed in these three steps.
As this class is more complex than the class of citation-counting schemes, I don’t attempt to solve this exercise
here, but I rather choose to carefully justify each aggregation step.
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Bilateral influence between authors. A bilateral measure of influence between authors is

a function Al : A x A — R. It is normalized if Vb € A,>" _, Al(a,b) = 1.

Proposition 3. Let PI be a normalized bilateral measure of influence between papers and
let AI be a normalized bilateral measure of influence between authors, defined as Al(a,b) =

9 ((PL(p,q))pgeraxp,)- Then, g is reqular and symmetric if and only if

Al(a,b) = > P% > PI(pq).

PEPa q€Py

Proposition 3 justifies the construction of the measure of influence between authors, based
on that between papers. First, the property of symmetry is imposed, implying that all papers
written by b are judged equally important as receivers of influence. Second, the aggregation
function is supposed to be regular, and in particular independent. It requires that, when the
influence of a paper p, written by a, on a paper ¢, written by b, increases, the rise in the
influence of author a on author b must be independent of the level of influence of p’ on ¢/, for

any couple (p',¢') # (p, q) such that p is written by a and ¢ is written by b.

1
Influence. A measure of influence I is normalized if 1 Yowenlla) =1

Proposition 4. Let Al be a normalized bilateral measure of influence between authors and let
I be a normalized measure of influence, defined as I(a) = h((Al(a,b))pea). The function h is

reqular and symmetric if and only if I(a) = >, 4 Al(a,b).

Proposition 4 describes several assumptions made when constructing the measure I5 from
the bilateral measure Al;. The functional form given by h prescribes that the influence of a
only depends on the bilateral influence of a on other authors, and not on the bilateral influence
between other authors. This is an important restriction, which prohibits the use of auto-
referent measures, such as the invariant method (Palacios-Huerta and Volij, 2004) or PageRank-

like methods (Radicchi et al., 2009; West et al., 2013),' for which exerting influence on an

"Note that the invariant method would not be readily available to measure the influence of authors here, as
the author-citation matrix would likely not be irreducible, contrary to what can be assumed for journal-citation
matrices.
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(endogenously) influential author weighs more than on an (endogenously) uninfluential author.
In the current model, this assumption is reasonable, as the bilateral measures of influence
already account for indirect influence. In fact, for the proposed measure, a citation from
an influential author is important only insofar as the citing article exerts influence on other
authors, and not because the influential author is deemed more important. As a consequence,
the proposed measure tracks indirect influence more precisely than those based on aggregates.

A related assumption is given by the axiom of symmetry. It implies that all authors are
judged equally important as receivers of influence. This is a substantive normative assumption,
reflecting an egalitarian perspective. We discuss how to adapt this assumption to real databases
in the next section.

Finally, the function h is assumed to be independent. This means that increasing the
influence of a on a given author b has an effect on the score of a that is independent of the
levels of influence of a on authors other than b. This seems to be a natural assumption to
obtain a simple measure, although one could prefer to reward a limited influence on many

authors more than a high influence on a small group of authors.'®

4.4 Application of the measure to real databases

A first assumption made at the beginning of Section 4 was that each paper in the database
has at least one reference. If this is not the case, the measure PI; will not be normalized. The

bilateral measure of influence between authors can then be adapted as follows:

Al(a,b) =) % Y PI(p.q), with B => > PI(p,q).

pEP, U qeP, pEP GEP,

With this modification, the measure is well-defined for any database in I, and the property of

field comparability is still satisfied.'” T now turn to the application of the measure to databases

(AI(a, b))~

cealAI(c,b))’
with 0 < a < 1. This alternative index will keep the property of field comparability.
19 As each author cites at least one other author for d € D, we have that P} > 0 for all b € A. Moreover, field
comparability is preserved because Al remains normalized.

18Under this requirement, an alternative influence index could be defined as I(a) = Y bea 5
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that do not belong to D.

In modern research, a growing number of papers are written by a group of authors, rather
than by a single author.?’ It is therefore important to adapt the measure to databases with
such features, and this can be done flexibly. Suppose that for each paper p € P, we have a
distribution of weights w, = (wy).cu, reflecting the various contributions of authors in A to p,
and such that ) _, w, = 1. For instance, for each co-author a of p, wy could be defined as the
inverse of the number of co-authors, while w? = 0 for all other authors b € A (Radicchi et al.,

p

2009). Then, the bilateral measure of influence between authors can be adapted as follows:

=> ,,Zw“wbPI ), with P/ =YY" whPI(p,q)

pEP b q€P pEP q€P

With such a natural modification, the property of field comparability is preserved. Note that
in the proposed modification, the shares of co-authors of a paper are exogenous. Alternatively,
the influence index could be combined with endogenous sharing rules, for which the relative
share of a co-author on a paper depends on its overall influence in the database (Szwagrzak
and Treibich, 2017). Note also that if the shares of a given paper did not sum up to one, for
instance because co-authorship was not accounted for, then the property of field comparability
would be lost, as a field with a higher number of authors per paper would also have a higher
average influence index (Waltman and van Eck, 2015).

The model also neglected self-citations, which are pervasive in real bibliographic databases.
This issue can be dealt with in two easy steps. First, we erase from the database all authors
that cite only themselves. Second, one can adapt the bilateral measure of influence between
authors, in such a way that (i) each author holds the same amount of intellectual debt (ii) this

debt is allocated only among other authors. Formally,

Vb #a, Al(a,b) = Z P Zw“wbP[ ), with P/ = Z Z (1-— w bPI(p, q),

peP b q€P peP q€P

20This trend has been documented for science in general by Wuchty et al. (2007) and for economics in
particular by Hamermesh (2013).
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and Al(a,a) = 0. The property of field comparability is still satisfied.

Another important assumption made in the definition of the measure was the symmetry
property imposed in the third aggregation step, as emphasized in Proposition 4. In real
databases, this would lead to consider a very young scholar as equally indebted as a scholar
already having a long academic life. This seems too strong and one could for instance weight
each author according to the number of years for which she has published at least one paper.

For a given weighting of authors a = (a)aeca, the measure of influence can be modified as:

I(a) =) oy Al(a,b).

be A

This modification preserves field comparability under the assumption that the distribution of

I On the contrary, if one weighted the

weights « is the same for different fields of science.”
intellectual debt of each author by her number of publications, the distribution of weights
would be highly asymmetrical across fields, and the property of field comparability would be
lost.

Finally, there are two more instances of symmetry that could be relaxed. First, as stated in
Proposition 3, it has been assumed that all papers of an author have the same importance in
the allocation of scientific credit. A natural modification would be to weight papers according
to their number of pages. Second, it has been assumed in the construction of PI;, and then of
P1Is, that all the references of a paper count equally. This needs not be the case: for instance,

if one has access to the text of each paper, references could be weighted according to their

number of occurrences in the citing paper.

5 Conclusion

This article has presented a new measure of the influence of scientists in bibliographic databases.

The measure allows for comparisons of scientists across different fields of science and accounts

2IThis may be true if oy is the number of “time-windows” for which author a has at least one paper, for a
well-chosen duration length of the time-window. Note that the classification of authors in fields would then be
useful to choose the appropriate time-window.
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for indirect influence, traced back at the level of papers. I should mention a number of important
caveats of the approach.

Since the objective has been to compute a single number for each scientist, it is clear that the
index only provides very limited information on the work of each scientist. Because of the sparse
information used to compute the index, it cannot be a measure of the quality of a scientific
work. Moreover, note that the influence index is not meant to be an index of productivity,
contrary to the h-index, as a scholar may be highly influential with a single piece of work.

While the discussion focused on the measurement of the influence of scientists, the method
proposed in this article is flexible and could be adapted to measure the influence of other
entities, such as teams of authors, journals, departments, universities, countries, or fields of
research. Another range of applications would be to subset the holders of scientific debt and/or
the holders of scientific credit, in order to analyze the flow of influence between different fields
of science and/or periods of time.

Finally, one potential avenue for further research would be to explore the susceptibility of
the influence index to manipulation by a scientist or by a group of scientists. By construction,
as the total debt of a given group of authors is fixed, its potential impact on the index is limited.
This runs opposite to what happens for citation-counting schemes, for which the leverage of

such a group seems unbounded.

6 Appendix

6.1 Proof of Theorem 1

We show a first lemma, establishing that Author Anonymity extends to the case where the

number of authors change when we reallocate authors to papers.

Lemma 1. If a neutral measure of influence satisfies Separability and Author Anonymity, then
it satisfies Extended Author Anonymity: for any databases d = (A, Pa,n) and d = (A, P/, n)

in D such that a € ANA" and P =P, we have I[|d']|(a) = I[d](a).
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Proof. For #A = #A’, the result is a direct consequence of neutrality and Author Anonymity:.
To show the claim, it is sufficient to prove that it holds for #A4" = 1 + #.A. By neutrality, we
may even assume that A C A’, so that we have A" = AU{u}, with u ¢ A. The strategy of the
proof consists in adding an auxiliary database dg,, to d, and in applying Author Anonymity to

d @ daur‘

——————————————————————————————————————————————

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The auxiliary database d,,, contains three authors u, v, w, and each author is represented by
a blue (rounded) square. Fach author has a single paper, represented by a circle. Each citation
is represented by an arrow, for instance u’s paper cites w’s paper. By Author Anonymity, we
can reallocate authors to papers, while keeping the set of authors, the set of papers and the

network fixed. We obtain the following database.

——————————————————————————————————————————————

d = (AU{u}, Py, n) d .

In the database d’

aux?

there are only two authors v and w, and v has written two papers. As
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we have dgy., d,,,, € D, we can write, using Separability and Author Anonymity:

Id](a) = 1d & dou](a) = I[d’ & d,,,,](a) = I[d](a).

We now prove Theorem 1.

Proof. 1t is clear that any citation-counting scheme is neutral and satisfies the five axioms.
Conversely, let I be a neutral measure of influence satisfying the five axioms. Let d = (A, P4, n)
be a database in D, and let a € A. We will show that the influence of a in d, I[d](a), equals

the influence of a in any database d' = (A’, Py, n’) such that:
o A'={a,b}

e P.=P,and P, =)

s C, (b has written a number of papers equal to the total number

of citations of a in d)

e Vp € P,, C, = C, (each of a’s papers keeps the same number of citations), while Vq € P,

R, =1 (each of b’s papers has a unique reference)
e d(p,q) € P, xP., n'(p,q) =1 (there is at least a citation from a to b).

Note that the last line is required to have d’ € D. Moreover, the identities of the papers from a
citing b, as well as these of the papers cited by a, should not matter for the score of a, because
I satisfies Reference Independence. Therefore, all such databases give the same score to a (note
that, by neutrality of I, the names of papers in P; do not matter).

Let b € A be an author citing a in the database d: there exists a paper p, € P, with
Ry, NP, # 0. We represent graphically a portion of the database d containing p, and all the
references from pj, to papers written by a.?> We add an auxiliary database with two authors, u

and v, as we know by Separability that this does not affect the score of a.

22In the graphical representation, b has written a single paper, although it will be clear that the construction
equally applies if b has written more than one paper.
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Then, by Author Anonymity, we can modify the database to transfer the paper with no

citations and no references from u to b.

— 6 u
@!

~
)
S W

By Citation Anonymity, we can permute the identities of the citations originating from b.

We modify the network so that the citations from b now originate from the uncited paper that

— u
Ol
/ @
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has been taken from u.
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Note that the paper from b citing papers from a has no citation. We can thus apply Splitting,
to split this paper into three: one that cites a’s upper paper, one that cites a’s lower paper,

and one that cites other papers (not written by a).

\ @

Then, by applying Author Anonymity, we can isolate the papers from b citing a, by having

L

v
/|
Ol /1

-
a

Q
OO0 OO

v absorbing the two other papers written by b.

el

v

Tl

Q|
OO| (OO

/

d 3

a

Finally, let’s observe that we can iterate this construction for any paper citing a paper
written by a. Moreover, we can then merge all the authors citing at least one of a’s papers to
a single author (say b), by application of Extended Author Anonymity (the property holds by
Lemma 1). Following this method, we obtain a database whose papers can be partitioned in
three parts: the papers written by a (P! = P,), the papers citing a (P?), all being written by
the same author b, and all the other papers (P?). The main observation here is that there is no

citation from P3 to either P! or P2. There is no citation from P? to P3, and all the citations
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from P! to P3 can be removed, by Reference Independence, if there exists (or if we add) a
citation from P! to P?. With this last provision, the sub-database containing the set of papers
P! UP? remains in the domain ID. Moreover, we obtain by construction that the sub-database
containing the set of papers P belongs to D.

We obtain a partition of the database into two disjoint fields, and by application of Sepa-
rability, we can only keep the sub-database containing the set of papers P! U P?. Finally, we
obtain the desired database. To conclude, by neutrality of I, we obtained that if two databases
are such that m,[d] = m,[d’], we must have I[d](a) = I[d’|(a). Thus, I is a citation-counting
scheme.

Independence of the axioms (each example satisfies all but the corresponding axiom):

e Separability. The score of an author a equals the ratio between the number of citations

received by a and the total number of references of authors other than a.
e Reference Independence. The score of each author equals her number of references.
e Splitting. The score of each author is her fractional citation count.

e Citation Anonymity. The score of an author «a is the total number of citations that papers

citing a paper from a receive, and that are not issued by a. Formally:

I[d)(a)= Y #(CN(P\P)).

q€Upep,Cp

e Author Anonymity. The score of a is the number of authors citing a.

6.2 Proof of Proposition 1

Proof. Let I be a measure of influence satisfying Null Author, Author Anonymity and Field

Comparability, and consider the following database d € D.
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By Null Author, we must have I[d](c) = I[d](e

Il
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=
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=

E
=

=

@

have:

and by Null Author, these two numbers must be strictly positive. Now, by Author Anonymity,
the scores of a, b, x and y must be the same in the database d’ represented below, obtained by

having ¢ taking a paper from e and e taking a paper from z.

e
O
a b Q y X
C z
By Field Comparability, we must also have:
I[d)(a) + I1d)(b) _ I[d](x) + I[d](y)
3 4
We obtain a contradiction with the previous equality. ]

6.3 Proof of Proposition 2, Proposition 3, Proposition 4

The three propositions are corollaries of the following two lemmas.??

23The two lemmas and their proofs follow the proofs of Theorems 1 and 2 in Bloch et al. (2016), with two
differences. First, we assume that the measures are homogeneous in the two lemmas, and thus obtain linear
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Lemma 2. An aggregation function f : [0,1]* — R, with L finite, is symmetric, monotone,

homogeneous and independent if and only if there exists A > 0 such that f(s) =AY ,c; si.

Proof. 1t is straightforward that the sum satisfies the properties enunciated in the statement.
Conversely, let f : [0,1]* — R be symmetric, monotone, homogeneous and independent. For

s € [0, 1]F, we note sf = (silgi<i<j})iequ,...,y- Since f(0) = 0 (by homogeneity), we can write:

L
Fls) = [F(s1) = (7).
=1
By independence, we have f(s!)— f(si™) = f'(s;), where VI € {1,..., L}, f*: [0,1] — R is non-
decreasing and homogeneous. Therefore, VI € {1,..., L}, 3\; > 0 such that Vx € [0,1], f(z) =

Aiz. As f is symmetric, we must have VI € {1,...,L}, Ay =\ > 0. O

Lemma 3. An aggregation function f : [0,1]N — R is monotone, homogeneous, independent,

recursive and satisfies the long run property if and only if there exists § € [0,1) and A > 0 such

that f(s) = A32,25 05 Lsy,.

Proof. Tt is straightforward that the discounted sum satisfies the properties enunciated in the
statement. Conversely, let f : [0,1]Y" — R be monotone, homogeneous, independent, recursive

and satisfy the long run property. As in the proof of Lemma 2, we write:

F(s) = f(s) = f(s5)+ D [F(sh) = f(si7H)] -

=1

Let us show that [f(s) — f(s})] converges to 0. Let € > 0 and, by the long run property, let

z € Z be such that f(s-z) > f(s)—g. As z € Z, let kg be such that for all & > ko, z;, < £

2f(1)’

1.2* Then, we can write, using

where 1 denotes the sequence whose coefficients are all equal to

functions. Second, the proof of Lemma 3 justifies the statement “[f(s) — f(s¥)] tends to 07, which is obtained
here by a domain condition on f, and the long run property.
24We suppose f(1) > 0, otherwise the claim is trivial.

28



monotonicity, independence, and then homogeneity, that for all k& > kg,

f(s) = f(s1) < fls-2) +

fl&) =D [Fs) = FSTH] =D F1s) =D hsi

As f is recursive, taking s = (L=} )ien+ and s = (Ly—g41})ien+, we obtain that for all k > 1,

)\iJrl = MAkt2. Finally, we have three possible cases. If A\; = 0, we obtain that f(s) = 0. If
A

A1 > 0 and Ay = 0, we obtain that f(s) = Aysy. If Ay > 0 and Ay > 0, we note § = )\—2, and we
1

obtain that Vk > 1, A\, = A\0°71, and thus f(s) = A; D15 ¥ Lsp. As f(1) < +oo0, it must be

that 6 < 1. n
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