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Abstract

The expansion of intermittent electricity increases supply variability and requires
greater flexibility from consumers. This results in welfare losses for these agents, which
can nevertheless be mitigated by energy storage. Our model analyzes these welfare con-
sequences in the context of short-term variability in renewable energy given fixed dis-
patchable and storage capacities. We explore an optimal control problem that determines
a welfare-maximizing electricity consumption path by adjusting dispatchable and stored
energy throughout the short-term production cycle of renewables. This optimization
problem identifies three regimes (no storage and active storage, with or without capacity
constraints) and provides the associated consumer welfare over this cycle. Under all three
regimes, a certain degree of consumer flexibility is part of the optimal solution and entails
welfare losses. Active storage reduces these losses but cannot eliminate them completely
due to the energy conversion losses induced by this activity. However, when storage
capacity is constrained, a proactive adjustment of this capacity can offset the losses.
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1. Introduction

The ambition of achieving net-zero greenhouse gas emissions by 2050, as pledged by
the European Union and other global actors, has accelerated the deployment of renewable
energy sources (IEA 2024). Yet, the intermittency of these sources, particularly in power
generation, leads to variability in energy supply. Such imbalances between supply and
demand are often managed through flexible generation, typically provided by dispatchable
fossil-fueled plants (IEA 2020), though this reliance directly conflicts with decarbonization
goals. Another way to maintain electricity balance is on the demand side through dynamic
pricing mechanisms such as real-time pricing, which encourage consumers to adjust their
consumption in response to supply variability (IRENA 2019). However, this raises a
fundamental question: Should the burden of adjusting to supply variability rest primarily
on consumers?

Alongside demand-side adjustments, energy storage can play a key role in smoothing
the variability of renewable generation, thereby reducing the pressure on consumers to
respond to such fluctuations (Jiang et al. 2014, Denholm 2015, Lund et al. 2015, Maghami
et al. 2024). This role is particularly relevant in a context where consumers are increasingly
expected to adjust their consumption patterns instantaneously to short-term variations
in supply (Cabot and Villavicencio 2024). Building on this, the present work starts
from the premise that storage of surplus renewable energy can act as an alternative
to dispatchable generation and limit the need for short-term demand-side adjustments.
Hence, our analysis adopts a short-term perspective, providing a framework to analyze
flexibility and efficiency in balancing supply and demand under renewable variability.

Within this short-term focus, we examine a single production cycle driven by inter-
mittent renewables. We therefore abstract from long-term energy transition issues, such
as investment and capacity expansion decisions aimed at overcoming renewable intermit-
tency, as explored by Ambec and Crampes (2019), Helm and Mier (2021), and Pommeret
and Schubert (2022). Instead, we conduct our analysis within a fixed-capacity framework
to study how storage and demand-side adjustments jointly mitigate supply variability at
each instant of the cycle. In this context, flexibility is understood as the coordination
of consumption with electricity generation and storage facilities, rather than shifts in de-
mand in response to price signals.! As in Pommeret and Schubert (2022), we adopt the
perspective of a social planner but rather take a short-term view and study the optimal
allocation of electricity for consumption under fixed generation and storage capacities.
This approach allows us to value storage in terms of consumer welfare rather than solely
for its role in cost-minimizing generation, which has been the primary focus of the broader
literature (e.g., Crampes and Moreaux 2010, Carson and Novan 2013, Steffen and Weber
2013, Sioshansi 2014, Zerrahn et al. 2018).

Our main objective is to study how different sources of electricity are valued by con-

'For an overview of the literature on demand-side response to price signals, see, for instance, Boren-
stein 2005, Borenstein and Holland, 2005, Joskow and Wolfram 2012, Puller and West 2013, Ambec and
Crampes 2021, and Schittekatte et al. 2024.



sumers and to highlight the welfare effects attributable to energy storage. In particular,
we find that substituting dispatchable energy with renewables—while maintaining the total
energy supply unchanged-reduces consumer welfare. This reduction arises because the
variability of renewable generation translates into greater fluctuations in the optimal con-
sumption path, which consumers must accommodate. However, active storage mitigates
this effect by allowing surplus energy to be stored and dispatched when needed, thereby
smoothing consumption and reducing welfare losses. Furthermore, when storage capacity
is binding, a moderate expansion can fully offset the negative welfare effect, underscoring
its role in supporting the integration of intermittent renewables from a consumer welfare
perspective.

We formalize these results through the resolution of a theoretical model in which the
social planner faces a constrained intertemporal allocation problem: how to distribute
limited energy resources—dispatchable generation, intermittent renewable production, and
stored energy subject to conversion losses—to maximize consumer utility over a single
production cycle. This cycle represents a repetitive pattern of renewable generation with
a peak around which output fluctuates, reflecting the intermittency of resources such as
wind or sunlight (see Helm and Mier 2021). Formulated as a standard optimal control
problem, the model determines the optimal electricity consumption path under three
regimes: no storage, non-binding storage and binding storage capacities.

The no storage case occurs because the potential welfare gain from transferring en-
ergy from peak production is outweighed by conversion losses. Consumer demand is
met by combining intermittent renewable generation with dispatchable energy. At each
instant, consumption follows renewable output when it is high and is supplemented by
dispatchable energy when renewable production falls short. This regime first illustrates
how dispatchable generation, together with demand-side adjustment, can accommodate
renewable variability. Second, it provides a baseline for assessing the welfare effects of
adding storage, particularly since a higher share of renewable energy substituting dis-
patchable generation reduces consumer welfare.

In the second regime, storage is abundant. Unlike the previous case, where all con-
sumption is directly supplied by renewable and dispatchable energy, here the planner can
shift energy from periods of high renewable production to periods of scarcity without
hitting the storage limit. This results in a consumption path with two distinct levels: a
lower level when renewable output is insufficient and is supplemented by stored and dis-
patchable energy, and a higher level when renewable production is abundant and energy
is being stored. This regime demonstrates that storage can partially offset the variabil-
ity of renewable energy and reduce welfare losses as the share of renewables replacing
dispatchable generation increases.

Finally, we consider the case when storage is used but reaches its capacity limit. In
this case, the social planner would like to shift energy from periods of high renewable
output to periods of low output, but the storage constraint prevents a full transfer. As
a result, the levels of consumption during low and high demand periods are determined
not only by renewable and dispatchable supply but also by the storage limit. The lower
consumption level falls below the threshold observed when storage is unconstrained, while



the higher level reflects the maximum energy that can be stored. This regime shows how
binding storage capacity restricts the planner’s ability to smooth consumption over time,
with the optimal consumption path and storage strategy jointly shaped by dispatchable
energy, renewable capacity, and storage size. Furthermore, it shows that a moderate
expansion of storage capacity can fully offset the welfare losses associated with substituting
dispatchable generation with renewables.

Taken together, the three regimes clarify that while consumers inevitably bear part of
the adjustment burden from renewable variability, this burden can be alleviated through
storage. In addition, each regime is associated with a distinct level of consumer welfare,
allowing us to directly assess how variations in energy mixes, including storage capacities,
shape consumption patterns and overall consumer welfare.

The rest of the paper is organized as follows. In Section 2, we present the main
features of the model followed by the definition of the optimal electricity consumption
path in Section 3. We then characterize this path under three regimes: no storage (Section
4), non-binding storage (Section 5), and binding storage (Section 6). A welfare analysis
across different energy mixes is provided in Section 7 and Section 8 discuss some broader
implications of our results. The paper concludes in Section 9. All proofs are relegated to
the appendices.

2. The model

We consider a social planner who is concerned with the optimal allocation of electricity
for consumption in an economy endowed with three technologies: dispatchable power
plants, renewable generators and energy storage systems.

The consumption side is represented by a consumer? who derives utility from elec-
tricity consumed over a period of time which we normalize to the interval [0,1]. This
normalization aligns with the temporal cycle of the renewable energy production, as ex-
plained later in this section. Our focus is therefore on analyzing the consumer’s electricity
consumption path over [0, 1]. We assume that the utility, U, obtained from an entire con-
sumption path, x (-), is the integral over the time interval ¢ € [0, 1] of the instantaneous
utility, u (x (t)), where x (¢) is the instantaneous electricity consumption. Given the short
duration of the cycle, intertemporal discounting is considered negligible, and the utility
function is specified as:

U () = / u (x (1)) dt 1)

We model u (x) as an increasing and concave function that satisfies the Inada conditions:
u (z) > 0, lim,_,ou' () = 00, lim, oo v’ () = 0 and w” (z) < 0.

2This representative agent assumption is formulated for explanatory simplicity. Section 8.3 shows
that, within our specific problem, this framework is equivalent to a setting involving several heterogeneous
consumers.



As we do not impose any functional form on consumption dynamics, the consumer is,
in principle, free to vary her consumption along its path. However, it can be observed
that the consumer prefers a constant path. Since u is concave, Jensen’s inequality implies
that a constant consumption path equal to the mean, 2, of any fluctuating consumption
path x(-) yields at least as much utility as the fluctuating path itself.

U (z°") > U (z(-)), where 2% = /o x(t)dt (2)

Nevertheless, due to fluctuations in renewable production, it may not always be possi-
ble for the consumer to achieve a perfectly constant stream of consumption. In such cases,
it is useful to consider the intertemporal marginal rate of substitution (MRS) between
any two periods ¢ and ¢'. In our model, the intertemporal MRS does not depend on the
entire consumption path but only on the consumption levels at times ¢ and ¢’

' (z (1))
MRS,y /wey = ———=, Vt,t' €]0,1 3
O/2) = " 3 (1) [0,1] (3)
We hence use the MRS in our analysis to characterize how the consumer is willing to
substitute consumption intertemporally in response to fluctuations.

To ensure the provision of electricity required for consumption, the social planner
considers three technologies, each with capacities fixed at an exogenous level.

The first is a renewable technology with installed capacity R. The volume of electricity
it produces varies over time due to uncontrollable natural factors such as wind speed or
solar radiation. To model this variability, we define a time-varying unit productivity
function, € (t), which represents the proportion of a unit of installed capacity utilized
for electricity production at each instant. We assume that this renewable productivity
exhibits a peak, €,;, around which it varies in a repetitive cycle over time. To simplify
the analysis, we normalize the minimum of € (¢) to zero so that € (t) € [0, ey]. We also
normalize the duration of the cycle to 1. This also explains the earlier alignment of the
temporal cycle of the consumer’s electricity consumption to [0, 1]. More formally, if Ty, €
[0, 1] denotes the time at which renewable production reaches its peak, we have € (0) =
e(1) =0 and Vt € (0,Ty), € (t) > 0 while for Vt € (Tys, 1), € (t) < 0. The instantaneous
volume of electricity production from this technology at any time ¢ is therefore € (t) R
so that the total volume of renewable production over the time period [0, 1] is given by

R [ e(t) dt.

The second technology is a dispatchable technology, where dispatchability refers to
the ability to control the energy resource, allowing electricity production to be adjusted
freely at any instant.®> Given that the interval [0,1] is a normalized representation of a

3This is characteristic of conventional power plants such as nuclear, coal, and gas, where fuel input
can be controlled to adjust electricity output.



short-term cycle in our analysis and that the installed capacity of the technology is fixed,
we assume it generates a total volume D of electricity over the period. So, while this
total volume can be allocated flexibly over time, the total quantity dispatched across the
interval must be equal to D. Letting d (¢) denote the instantaneous dispatch at time ¢,
this constraint is formalized as:

/}awﬁzp (4)

We also have an energy storage technology of an installed capacity S that does not
produce electricity but rather stores it for later use. We denote by s* (¢) the volume of
energy supplied to the storage system at time ¢ and s~ (¢) the volume withdrawn from
it. The storage process is subject to conversion inefficiencies: it takes ¢ > 1 units
of electricity to store one unit of energy and only a fraction o~ € (0,1) of each unit
withdrawn from storage is effectively usable for consumption. Accordingly, the overall
round-trip efficiency is given by Z—; < 1, capturing the total energy losses incurred in the
storage and withdrawal process. To ensure temporal feasibility over the cycle, we assume
that the storage system is empty at both the beginning and end of the period. This
implies that the net accumulation of stored energy over the interval is zero:

/0 (s7(t) — s (t))dt =0 (5)

Moreover, the planner is constrained by the system’s capacity, which limits the total
volume of electricity that can be allocated to storage over the period:

Alwwﬁgs (6)

Also, storage decisions are not tied to strict chronological ordering. It may be optimal,
for example, to withdraw energy early in the cycle—before any has technically been
stored—if this helps achieve a smoother consumption path. This apparent paradox reflects
the stationarity of the model where time represents position within a cycle rather than
absolute sequence, and all decisions are made consistently within this closed temporal
structure.

Finally, we denote by e = (D, R,S) € £ the energy mix which represents the short-
term exogenous capacity composition of the supply side. Since our analysis focuses on
the short-term consumption adjustments induced by fluctuations in renewable production,
we introduce two additional assumptions on this set of parameters. These assumptions
ensure that neither the storage capacity nor the available dispatchable energy is sufficient
to fully cover the fluctuations in electricity production.

The first condition simply says that the maximum storage capacity, including conver-
sion losses, is bounded above by the total renewable energy produced during the cycle



and available for storage. This leads to the following constraint:

ﬂSSRAE@ﬁ (1)

The second condition rules out cases in which dispatchable energy is sufficiently abun-
dant to offset fluctuations caused by renewable production. Since the consumer is averse
to fluctuations in electricity consumption (see Eq.(2)), the planner must, in such cases,
be able to deliver a constant flow of consumption ¢ throughout the entire period. More-
over, this constant flow must be greater than the maximum renewable production, i.e.,
¢ > ey R. However, feasibility over the whole cycle requires that the total quantity of
dispatchable energy covers this constant consumption path net of renewable production
sothat: D=c— R fo t)dtt. Since ¢ > )R, this case is excluded if we assume:

DgRL%w—dmﬁ 8)

3. The optimal electricity consumption path

The social planner faces a constrained intertemporal allocation problem: how to dis-
tribute limited energy resources—dispatchable production, intermittent renewable output,
and imperfectly efficient storage—so as to maximize the representative consumer’s utility
from electricity consumption over the cycle [0, 1]. This optimal consumption path solves:

W(e) = max ( ))/o u(d(t) — otst(t)+o s (t) +e(t)R)dt 9)

(d(0),5 (£) 5~ (¢ 9 L
z(t)

subject to the 3 iso-perimetric constraints given by Eqs.(4),(5) and (6). Moreover, each
of these constraints can be replaced by a differential equation on [0, 1] with terminal state
conditions. Hence, for Eqs.(4),(5) and (6), we respectively obtain:

Jo d(t)dt = D D(t) = —d(t), D(0) = D, D(1) =
Jo (sT(8) = s~ (1) dt =0 < B(t) =s7(t) — s~ (1), z( > z<1> (10)
Jo sttt < 8 S(t) = —s*(1), S(0) = S, S(1) >0

This leads to a standard optimal control problem with 3 state variables. If we denote by
Ap(t), As(t) and Ag(t) the associated co-states, the Hamiltonian writes:

H=u(z(t)) — Ap(t)d(t) + As(t) (sT(t) — s~ (t)) — Ass™(t) (11)

Moreover, if we denote respectively by pq(t), ps+(t) and p,-(t) the multipliers associated
to the non-negativity conditions on d(t),s™(¢) and s (¢), the Lagrangian associated to
this Hamiltonian becomes:?

4Recall that we work on [0, 1], so that fol cdt =c.
5Since we have assumed that lim,_, u'(x) = 400, we do not consider the constraint > 0. It can
easily be shown that this one is always satisfied.



L =H+ pa(t)d(t) + ps+()s™(t) + ps-(t)s (1) (12)

Let us now turn to the optimality conditions starting with the dynamics of the co-
states. As is usual with isoperimetrical constraints, the co-states are constant and using
the transversality conditions, we have:

Ap(t) = =25 =0, Ap(1) free (13)
As(t) = — %L =0, As(1) free (14)
As(t) = =25 =0, As(1)S(1) = 0, As(1),S(1) > 0 (15)

Hereafter, we consider the co-states as constant. It follows that the control variables are
optimal if we have:

9 — o/ (2(t)) — Ap + alt) = 0 (16)
838—& =—c"u(z(t) + As — As + ps+ () =0 (17)
DL — o/ (2(t)) — A+ pry- (£) = O (18)

and if we satisfy the associated slackness conditions:

pa(t)d(t) = 0, pa(t) >0, d(t) = 0 (19)
par (£)sT (1) = 0, 1+ (8) = 0, s7(t) > 0 (20)
prs-(t)s~(t) = 0, ps-(t) 20, s (¢) > 0 (21)

Moreover, with regard to this optimization problem, we can immediately observe that
all the constraints are linear. So, if we can show that the Hamiltonian is concave with
respect to the control and the stock variables, we obtain the following Mangasarian-type
of sufficient conditions:

Proposition 1. If, for a continuous and piecewise differentiable control path given by
(d(t), st (t),s™(t)), there exists constant co-states (Ap, s, As), and continuous and piece-
wise differentiable multipliers (pua(t), ps+(t), ps—(t)) that satisfy Egs.(10), (15) and (16)
to (21), then (d(t),s™(t),s™(t)) is a solution to the previous problem.

Looking at the result of the optimization problem, we can already observe interesting
specifications, namely that consumption can be constant on some time intervals and that
some composition of controls are impossible.

First, suppose that on some interval (t,t') dispatchable energy is used, i.e. d(t) > 0.
Then, by the slackness condition (19), we have 14(t) = 0, which implies that consumption
z(t) is constant on this interval, since z(t) = v '(A\p) from Eq.(16). Similarly, if on
another interval (¢,t") storage is used, then the slackness condition implies uf(t) = 0 or
wy (t) = 0, so that consumption is again constant, as the co-state in Eqs.(17) and (18) is
constant.



We can also obtain further restrictions: if storage and discharge occur simultaneously,
one can always improve the allocation by setting the smallest of them to zero and ad-
justing the other so that the net storage is preserved. This reduces the conversion losses
and therefore increases consumption along the cycle. Finally, if production comes from
dispatchable generation, then storing part of it (s* > 0) would transform dispatchable
energy d(t) into stored electricity recovered at efficiency o~ /o™ < 1, which entails a net
loss and is therefore dominated.

The next Lemma summarizes these observations

LEMMA 1. On any interval (t,t'), the following properties hold:

(i) If dispatchable production is used, then pg(t) =0 and consumption is constant, with :
z(t) =c.

(i1) If storage is used, then pt(t) =0 or p; (t) =0, and consumption is again constant.
(i11) Storage and discharge cannot occur simultaneously: s*(t) s~ (t) = 0.

(iv) Dispatchable production and storage cannot occur simultaneously: s*(t)d(t) = 0.

4. Conversion losses vs. storage

This section focuses on scenarios without energy storage due to conversion losses and
low fluctuations in renewable energy production. The main objective is to define the
conditions under which this case occurs, and conversely, under which storage is part of
the problem of optimal electricity allocation.

We have seen in the model section that there are some energy mix e that we discard.
Notably the one where storage is not needed because dispatchable is relatively larger than
the renewable allowing to have the consumption stream c¢* above the peak of renewable
generation ;R as well as no fluctuation produced by the renewable on the consumption
stream. But this raises a second question: if a feasible constant consumption path,
¢ < ey R, does not reach the peak of renewable generation, does storage necessarily take
place? This is where the conversion losses associated with storage come into play. In fact, a
unit of electricity stored, for example, during a production peak, only returns a potential
electricity consumption of % < 1 when it is withdrawn. This prompts the question
whether it is in the interests of consumers to make a transfer of electricity from the peak
of renewable generation (without dispatchable),ey R, to a lower constant consumption
path, ¢* < ey R, supported by the use of dispatchable energy. Recall now that the
marginal rate of substitution MRS/, r = ";Ef(ﬁﬂ?) measures the increase in consumption
at c* that keeps the utility constant after a one-unit decrease in consumption at the peak

production, €, R. So, if the quantity of electricity (Z—+> that can actually be transferred

due to conversion losses is less than this MRS, r, there is no storage. Let us now
introduce the level of electricity consumption Z < ), R given by:

T W (T) o

MRSsjeun =500 = % 0 = () (2! (enr ) (22)



Since M RS, r increases in ¢, T can be viewed as the highest consumption plateau at
which storage occurs. Conversely, if the optimal consumption path z(t) solving program
(16) satisfies z(t) > &, no storage occurs.

—— Optimal consumption path

I:] Total dispatchable energy

T Threshold for storage activation

Figure 1: Consumption without storage

Two open questions remain: (1) what is the optimal consumption path for this case,
and (2) under which condition it satisfies z%(t) > Z 7 As long as the dispatchable tech-
nology is solicited, we know from Lemma 1(i) that the consumption path is constant at
c¢* and we can conjecture that without the dispatchable, the renewable peak is absorbed
(see Fig. 1). This one is given by:

vVt € [0,1], 2 (c*t) = max{c* e(t)R} (23)

In other words, the use of dispatchable energy adjusts the renewable production to this
constant path as long as this amount is higher than the energy produced by the renewable,
ie.,

vVt € [0,1], d(c* t) =max{c" —e(t)R,0} (24)
This consumption plateau ¢* in nevertheless an endogenous variable since the total dis-
patchable energy used at each ¢ € [0, 1] must be equal to the amount, D, of dispatchable
energy dedicated to the cycle (see the yellow area in Fig. 1). In other words, ¢* satisfies:

/1 d(ct)dt = /1 max{c* —e(t)R,0}dt = D (25)

Now, recall that no storage occurs if V¢ € [0, 1], z(t) > z. This therefore simply means,
by Eq.(23) that the solution ¢* to Eq.(25) is larger than z. As fol max {¢* — e(t)R,0} dt
increases in ¢, a necessary (and sufficient) condition which ensures that no storage occurs,
is given by:

/1 max {Z —e(t)R,0}dt < D (26)

To sum up this discussion, we can say:



Proposition 2. If D > fol max {Z — ¢(t)R, 0} dt,

(i) There ezists a unique solution, ¢, to Eq.(25) with the property that ¢* > .

(ii) The optimal electricity consumption path which solves program (57) is given by Vt €
0,1], 2% (t) = max {¢*, e(t)R}.

(11i) The path T (t) requires no storage, Vt € [0,1], (§7)*(t) = (§7)%(t) = 0, but a use of
dispatchable energy given by ¥t € [0,1], d* (t) = max {¢* — e(t)R, 0}.

To prove this proposition (see Appendix B), we first show that there exists a unique
consumption plateau ¢* > T solution to Eq.(25). We then verify that the induced paths,
z%(t) and d (t), verify the sufficient optimality conditions provided by Proposition 1.

According to (i) of Proposition 3, the plateau ¢*(D, R) that solves Eq.(25) is also a
function of the amount of dispatchable, D, and renewable, R, energy available during the
period [0,1]. Therefore, it is interesting to know the effect of these parameters on this
plateau. The direction of these effects is fairly obvious: an increase in dispatchable, D or
renewable R increases the consumption plateau, ¢*. A detailed analysis however prepares
the section 7, in which we study how the substitution of dispatchable energy by renewable
energy affects the consumer’s welfare.

To conduct this analysis, let us define the times at which consumption switches from
one regime to another as illustrated in Fig. 1. Using the properties of €(t), we can define

T¢(D,R) = & <@) as the two solutions of €(¢)R = ¢*(D, R) in t, respectively, for

i=1,2,&(T*D,R)) > 0and £'(T¢(D, R)) < 0. With these additional notations, Eq.(25)
is now written:

T%(D,R) 1
/ (&(D, R) — e(t)R) dt + / (@(D,R) —e(t)R)dt — D=0 (27)
0 T;(DvR)

and becomes a differentiable identity in (D, R). A simple calculation (see Appendix F)
yields the results presented in Table 1. As expected, both derivatives are positive. How-
ever, it should be noted that the magnitudes of these two effects are not the same. The in-
crease in dispatchable energy is spread over the intervals [0, 77| and [T, 1], which explains
their presence in the derivatives. Secondly, an increase in renewable capacity increases
the global energy production and redistributes dispatchable energy on the segment where
it is used.

oD OR
I (D,R)
- X . T (DR E(t)dt+f%éz(D’R)s(t)dt

1+T{(D,R)~T4(D,R) - 147¢(D,R)~T¢(D,R)

Table 1: Comparative statics without storage

10



5. Optimal consumption with abundant storage

Our previous discussion delineates the case where no storage occurs which is given by
condition (26). If the contrary holds, i.e.,

1
/ max {7 — £(t)R, 0} dt > D with & given by 7 = ()" (g—iu' (sMR)> (28)
0

we can expect the storage occurs. But what would the energy consumption path be in
this case, especially when storage is abundant?

From Lemma 1, we know that the use of dispatchable energy and/or stored energy
cannot be simultaneous with storage. In addition, after the available stock is down-
scaled by the conversion losses, the leftover energy can be viewed as an additional stock
of dispatchable energy. This suggests that both stored and dispatchable energies are
simultaneously used when renewable energy production is low, while storage takes place
during the peak production. Lemma 1 also suggests a time invariant consumption when
dispatchable energy is used or when energy is stored. This means that there should be
now two endogenous consumption plateaus ¢¢ and ¢. The first occurs when renewable
energy production is low and mainly requires stored and dispatchable energy, while the
second occurs when renewable energy production is high and is achieved through storage
(see Fig.2).

x(t)
emRF - - - - - - —~_--- - - - —— Optimal consumption path
Tk - - - - - ot (st - - - - ‘ Total dispatchable and stored energy
2 S e ‘ net of conversion costs
2 I ) l
Total stored energy including
X ‘ ‘ () I:] conversion costs
c : : _ . o
1 db(t) + o (s )b(t) \ ‘ Z Threshold on & for storage activation
i i | Z  Threshold on & for storage capacity
l [ - - - 11 11 u - - - |
11 11 |
11 11 t
0 b b b b 1
Tl T3 T4 T2

Figure 2: Consumption with abundant storage

More formally, this largely suggests (see Fig.2) that the optimal consumption path
looks like:

vt €[0,1], z(c},cb,t) = min {max{c},e(t)R}, b} with b < (29)
with of course

e a supplement to renewable generation when this one is low, i.e. e(t)R < ¢}, by
stored and dispatchable energy given by:

vt € [0,1], (d(&,t) + o0 s (c},t)) = max{c] — e(t)R,0} (30)

11



e storage of renewable energy when this production is high, i.e. e(¢)R > ¢, so that
the storage path is given by :

vt € [0,1], sT(c,t) = 2 max{e(t)R — 5,0} (31)

e a continuous adjustment between the two levels, where only renewable energy is
consumed.

The question that remains open is the identification of the two endogenous consumption
plateaus ¢ and 5.

Let us first argue that there exists a relationship between ¢} and ¢} when the storage
capacity is not binding. Since energy is transferred from the consumption plateau of ¢
to that of ¢} without any capacity constraint, the social planner now take care to the fact
that the marginal rate of substitution between the two consumption levels is equal to the
conversion losses. This means that:

u' (ch) _
MRS 0 = w(d) " (32)
Otherwise, the planner has an incentive to adjust these two consumptions levels and to

improve the situation of the consumer by either increasing or decreasing storage. We can
therefore say that the following relation between ¢ and ¢} must hold:

&= 1)) = ) () (33)

We can even note that this function is increasing since:

Fiehy == (w () (w@))) v >0 (34)

The existence of this relation has also several consequences. Without surprise, we can
claim that ¢ > ¢} since M RSu s is decreasing in cb and M RSu/ =1 > 2. This
confirms the idea that when storage occurs, the consumer increases her consumption to
partially limit the conversion losses. Moreover, consistency requires that the consumption
level, cb, at which storage occurs is lower than the maximum production of renewable
energy, i.e., ¢ < ey R. Since f(cb) is increasing, this requires, from Eq.(22), that ¢ < z.
This now means that the consumption plateau at which dispatchable energy is used is
lower than smallest consumption plateau, z, introduced in the previous section and for
which no storage occurs. This validate the idea the condition given by Eq.(28 is a minimal

condition ensuring the existence of storage.

It now remains to show how the endogenous plateau, ¢, is obtained. At this plateau,
the renewable energy production is insufficient and the gap is offset by the use of dis-
patchable and stored energies (net of the conversion losses) in an instantaneous amount
of Vt € [0,1], max {c} —£(t)R,0} (see Eq.(30)). These energy sources are nevertheless
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available in limited quantities in the renewable energy cycle. Dispatchable energy over
[0,1] is clearly limited to D, while, under our stationarity assumption, stored energy is
limited by the provision made during peak production. Using Eqs.(30) and (31), this
requires that:

1

/1 max {¢} — e(t)R,0} dt =D + o0~ / L max {e(t)R — f(c}),0} dt =0 (35)

However, let us not forget that the main argument of this section is based on the as-
sumption that the storage capacity is not binding. By using Eqgs.(31) and (33), that fol
sT(f(h),t)dt < S. So let us now introduce a second threshold z for which the storage
capacity is saturated, i.e.,

/0 S (f (), t)dt = / max ()R — f(z),0} = § (36)

It can be shown that this unique threshold satisfies z < Z and that for ¢ > z the
storage capacity is not strictly binding. This observation provides a condition on the
parameters of our model, ensuring that the capacity constraint is never binding. This
condition states that if the sum of dispatchable energy, D, and storage capacity net
of conversion costs, 0~ 9, is greater than the amount of energy required to sustain a
consumption plateau at x, then the storage capacity is not binding. This condition can
be written as:

1
/ max {z — =(t)R,0} dt < D + o~ S (37)
0
If the conditions given by Eqs.(28) and (37) are satisfied, we can state that:

Proposition 3. If the conditions given by Eqs.(28) and (37) are verified, then
(i) There exists a unique solution, &, to Eq.(35) with the property that v < & < Z. The

second consumption plateau is given by & = (u')~" <Z—;u’(6?))

(ii) The optimal electricity consumption path which solves program (57) is given by Vt €
[0,1], 2°(¢) = min {max {c},(t)R}, & }.

(iii) The optimal storage strategy occurs at the peak production and is given by ¥t € [0, 1],
(57)°(t) = L max{e(t)R — &,0} and the storage capacity is non binding.

(iv) There are several ways to allocate dispatchable and stored energy as long as ¥Vt € [0, 1],

d'(t) + o (57)%(t) = max {& — ()R, 0}, [} d(t)dt = D and [, (57)2(t)dt = [ 5*(t)dt.

Point (iv) suggests that the solution to the optimization problem is not unique. This
is not really surprising: once stored, electricity operates as an alternative source of dis-
patchable energy. The two types of energy can therefore be used indifferently to reach the
consumption plateau ¢ corresponding to a low level of renewable energy production. In
Appendix D, we show that any continuous and positive selection satisfying the conditions

given by (iv) of Proposition 3 can be part of the optimal solution.
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As in the previous scenario, let us now characterize the effect of a change in dis-
patchable or renewable energy sources on the two consumption plateaus ¢} (D, R) and
5 (D, R). This requires, in a first step, the introduction of the four switching times given

respectively by T°(D, R) = ¢~ (a?LR’R)) i=1,2and TP(D,R) = ¢! <63LR’R)>, i=23,4

(see Fig.2). With this additional notations, Eq.(35), now writes:

/Tl(D,R) (5’{([)’ . 5(t)R) i [1 (5?(1)’ R) — 6(75)3) dt
; T}(D,R)

~ [T3(D,R)
+2 (5(D,R) —e(t)R)dt — D =0 (38)

T$(D,R)

and, by Eq.(33), we know that:
(D, R) = [(@(D, R)) = ()" (Zu/(&(D, R))) (39)

The results described in Table 2 follow from the differentiation of these two equations
with respect to D and R (see Appendix F). Unsurprisingly, we again obtain that ¢;(D, R)
increases in both D and R simply because, in each case, more electricity is available. The
results for ¢5(D, R) follow from the positive relationship between & (D, R) and ¢ (D, R),
ie. f/(%) > 0 (see Eq.(34)). We use these results in the discussion of the consumer’s
welfare in section 7.

oD OR
T{J 1 a_ fi u? (&b
(%If o (633 2 - (fo s(t)dt+fT£, 6(t)d+07+ fjg e(t)dt) (@) -
(1+T157T2b)u”(612’)+(g—+) (TL—T2)uw (&) (1+T1bff‘2b)u”(ég)+(g—+) (TP —Tb)u (&)
rb o~ TP o~ ~
863 Z—; (@) 2 . ( [ e (tydt+ le§ e(t)d+ 25 fTTg s(t)dt) (@) -
(+7t-T)w @)+ (5 ) @-The @) (1 Tt-T)w @+ (5 ) (T-The @)

Table 2: Comparative statics with non binding storage

6. Binding storage capacity

This last case is in some respects close to the previous one, since storage occurs in both
cases but now with binding capacity. This suggests that the discussion at the beginning of
the previous section resulting from Lemma 1 and concerning the properties of the solution
is still appropriate. In particular, we can state that the general form of the solutions is
the same as that described by Eqs.(29),(30) and (31). The main difference is that the
construction and the levels of the two consumption plateaus c{ and ¢§ are totally different.
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For instance in Fig. 3, the green area corresponds to the storage capacity augmented by
the conversion cost, the smallest consumption plateau is now below z, and the relation
between ¢{ and c§ is not as simple as in the previous section. But let us come back on
these points, by showing how ¢{ and ¢§ are constructed.

x(t)
emR+EF - - - - - - —~_- - - - - - —— Optimal consumption path
otS *T(sT)e(t) ‘ Total dispatchable and stored energy
A S . ‘ net of conversion costs
| | |
x b - - - - e \ I:] Total storage capacity including
— ‘ ‘ the conversion costs
C
1 5 ‘ ie(t) x  Threshold on & for storage capacity
11 11 |
C —\C
() +g (7)), ‘
[ 11 |
11 11 t
0 P TiTy !

Figure 3: Consumption with binding storage

First note that a binding storage capacity restricts the transfer of electricity consump-
tion over time, notably between the two consumption plateaus c§ and c¢f. This means that
we are in a situation where the consumer is still willing to transfer electricity from the
high consumption plateau c§ to the low consumption plateau c{, but is unable to do this
because of the capacity constraint. In other words, we end up with the marginal rate of

substitution between ¢{ and c§ being below the conversion losses, and based on equations
(32) and (33), we have :

u(ch) - c AN =
MRS = 1 5y < = or > (W) (Z() >4 (40)

It also implies that the total energy stored at the high consumption plateau c§ must be
equal to the storage capacity (see Fig. 3),

1
/ sT(c5,1) / max {e(t)R — ¢5,0} dt = S (41)
0

This equation Corresponds to Eq.(36), which, in the previous section, introduced the lowest
consumption plateau, ¢}, for which storage is not constraining. This first means that c
can be deduced from our previous results by simply setting ¢§ = f(z) with f(x) given by
Eq.(33). Furthermore, since z is a threshold for ¢ below which the storage constraint is
binding, we now need to ensure that the lowest consumption plateau satisfies ¢ < z.

Finally, to characterize the optimal consumption trajectory, it still remains to define
c{. This is done by stating that the total dispatchable and stored energy that is needed
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to sustain the low-consumption plateau (the yellow area in Fig. 3) equates the amount
of dispatchable energy and the storage capacity since the latter is now binding, i.e.:

1 1
/ d°(t) + o (57)(t)dt = / max{¢{ —e(t)R,0}dt =D+ o~ S (42)
0 0
Moreover, to ensure that & <z, we need the contrary of condition (37), that is:
1
/ max {z — ()R, 0} dt > D + o~ S (43)
0

Let us however recall that z= f~!(c5) and is independent of D (see Eq.(41)). This means
that fol max {x — £(t)R,0} dt —o~ S may be negative in particular if S is large and induces
a contradiction with D > 0. In other words, if the storage capacity is too large, it cannot
be binding and this last case is vacuous. So, to consistently treat the three cases, we add,
in the rest of the paper, an additional restriction on the set £ of energy mix given by:

1
/ max { f'(¢5(R, S)) —e(t)R,0} dt > 0~ S with ¢}(R, S) solution to Eq.(41)  (44)
0

The following proposition summarizes our results.

Proposition 4. If the condition given by Eqs.(43) and (44) are verified, then:

(i) There exists a unique solution, &, to Eq.(42) with the property that &§ < x. The second
consumption plateau is given by & = f(z) with f(x) given by Eq.(33)

(ii) The optimal electricity consumption path which solves program (57) is given by ¥t €
0,1], ¢ (t) = min {max {&,e(t)R},5}.

(iii) The optimal storage strategy is limited by the storage capacity and is given by ¥Vt €
[0,1], (57)°(t) = 2 max{e(t)R — &,0}.

(iv) There are again several ways to affect dispatchable and stored energy as long as ¥Vt €
(0,1, d°(t) + 07 )(57)°(t) = max {& — (t)R,0}, [, d°(t)dt = D and [, (57)°(t)dt = S.

Since storage is limited in the latter case, let’s examine how dispatchable energy, renew-
able generation capacity, and storage capacity affect the consumption plateaus ¢(D, R, S)
and ¢§(R,S). This again requires the construction of the four switching times, given by

T¢(D,R,S) = e (%) i=1,2and TS(R, S) = ¢! (%) i = 3,4 (see Fig.3)
and the introduction of the two identities induced by the definitions of ¢ and ¢, respec-

tively. These identities are given by:

T¢(D,R,S)
/ (&(D, R, S) —e(t)R) dt
0

1
+/ (&(D, R, S) — e(t)R) dt — D — 0=S — 0 (45)
I's(D,R,S)
[(D,R,5)
/ max {e(t)R — &(R, S),0} dt — oS =0 (46)
['$(D,R,S)
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By calculating the derivatives of the two identities with respect to D, R, and S (see
Appendix F), we find the results shown in Table 3. As usual, & remains increasing in
dispatchable energy, D, and renewable capacity, R, but this plateau also increases with
storage capacity, S. The intuition is obvious: an increase in storage capacity induces
additional storage, as stored electricity is fully dispatchable, consumption increases when
this one is required, i.e, when ¢ is reached. The main changes concern ¢§. When storage
is limited, the marginal rate of substitution between ¢{ and ¢ is no longer related to con-
version losses. Instead, it is now determined by the storage constraint. Thus, ¢§ becomes
independent of the level of dispatchable energy and decreases with storage capacity to ex-
pand stored electricity. Finally, if renewable capacity increases, so does peak production.
With limited storage capacity, the only option is to increase c§.

oD OR oS
e 1
. " o a(t)dt—f—ffzc e(t)dt o
ey Tz U T >0 Fm >0
_4 g(t)dt
~c T§ _ ot
ocs 0 Fm 0 Tt < 0

Table 3: Comparative statics with binding storage

7. Energy mix and consumers’ welfare

This section proceeds in two steps. We first summarize our previous results so as to
construct the consumer welfare function for various energy mixes e = (D, R, S) € £ and
show that this function is continuously differentiable. This enables us, in a second step, to
assess the effect on consumer welfare of substituting dispatchable energy with renewable
energy.

7.1. The consumer welfare function

To construct this function, let us briefly review our previous results. We start with an
energy mix, e = (D, R, S) € &£, where fluctuations in renewable energy affect consump-
tions. This is done by limiting the storage capacity (see Eq.(7)) and the availability of
dispatchable energy (see Eq.(8)). We even add an additional restriction (see Eq.(44) that
ensures that storage can be binding 6. Sections 4 to 6 identify the subsets £, £% and &°,
respectively, corresponding to situations without storage or in which storage capacity is
sufficiently large or binding. If these three subsets form a partition of the set £ of the

STf this restriction is not satisfied, it simply means that the binding storage case is empty and that
all results associated with this case can be ignored. However, we believe it is appropriate to allow this
situation, as we are only at the beginning of the development of storage capacities.
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energy mix under consideration (see preliminary remarks in Appendix G), we can build
the welfare function W (e) resulting from the program outlined in section 3

Moreover, to unify the notation, we introduce, in the no-storage case, a virtual plateau,
3 (e), defined by the highest renewable production, i.e., Ve € £% é (e) = ey R. This
harmless trick enables us to define, for all e € &, piecewise functions ¢; (e) and é; (e)
describing the two consumption plateaus occurring in each of the three sub-cases. With
this new notation, the optimal consumption path becomes for each e € &:

vVt € [0,1], Z (t;e) = min{max {¢, (e),e(t)R}, ¢ (e)} (47)

We can even calculate the consumer’s welfare for each energy mix along a renewable cycle.
This function is given by:

W (e) = /0 w (i (te))dt (48)

More interestingly, if we can show that ¢ (¢) and ¢, (e) are continuous over the entire
domain &, then the same is true for Z (¢;e) and W (e). We will even go further. Using the
results in Tab. 1 to 3, we calculate OW (e) piecewise and show that this gradient remains
globally continuous. More precisely:

LEMMA 2. For all e € £, we can say that:

(i) The two plateaus ¢ (e), ¢ (e) the consumption process T (t;e) and the consumer’s
welfare W (e) are continuous functions

(ii) The welfare function W (e) is at least of class C' and its gradient is given by:

u' (¢ (¢))
oW (e) = | Jo v (min {max {& (e) (DR} e (€)}) e(t)dt (49)
o/ (¢ (€)) max {g—; - Z,nggg ,0

This technical lemma induces an interesting observation: even if different energy
sources are substitutes for consumers (see Eq.57), changes in their availabilities over the
renewable production cycle produce different welfare effects. Indeed, each shift in one
of these resources has a different impact on the optimal consumption path defined over
[0,1). Higher dispatchable capacity provides additional consumption outside peak hours,
so its marginal contribution to welfare is estimated by the marginal utility of the lowest-
consumption plateau. Changes in renewable capacity increase production at each ¢ and
therefore the consumption path. The effect on welfare is then the “sum” of the different
marginal utilities along the optimal consumption path. Lastly the storage capacity only

matters in cases of a binding constraint because, in this case, % > Z:E?"(e)).
1(€))

7.2. The welfare effect of energy transition on consumers

This Lemma also helps us understand the impact of the energy transition on consumer
welfare, particularly in the presence of a storage system. Although we cannot examine
this transition process in our short-term approach, we can nevertheless study the effect
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on welfare of a substitution of dispatchable energy by renewable production capacities
that keep the total supply of energy constant over the renewable production cycle. In
this setting, we essentially try to address three questions. Does this substitution reduce
consumers’ welfare? Is this effect attenuated when there is energy storage? Is it possible,
when the storage capacity is binding, to reverse this negative effect through a reasonable
extension of this capacity?

To answer the first question, we consider any energy mix e € £ and simultaneously
increase renewable production capacity by AR and decrease dispatchable energy avail-

ability by AD = — < fol 5(75)) AR. In this way, the total available energy remains constant

over [0, 1] and the change in consumer welfare is Ve € £ given by:
1 1
aw _ < / e(t)) o (@) + / o (min {max {7 (e), £(t)R} , 2a(e)}) ()t
0 0

_ /0 (o (min {max {&1(¢), £(t) R} . és(€)}) — ot (61(e))) e(t)dt (50)

Now recall that ¢ (e) < é(e) so that min{max {¢,(e),e(t)R},c2(e)} > ¢ (e). Since the
marginal utility, u’, decreases, we can say that:

7
-~

AA—VE = /0 (v’ (min {max {¢;(e),e(t) R}, éa(e)}) —u' (¢1(e)))e(t)dt <0 (51)

<0

We can therefore conclude that for any energy mix e € &, replacing dispatchable energy
with additional renewable capacity at constant energy generation reduces consumers’
welfare. This is mainly because this substitution increases the variability of the optimal
consumption path. Let us now recall that OgWW(e) > 0. Thus, if the goal is to main-
tain consumer welfare, this result also suggests that the decrease in the availability of
dispatchable energy should be less than the total increase in renewable production. In
that case, the total increase in energy production over the cycle compensates, from the
consumers’ perspective, the extra fluctuations.

We can also ask whether the presence of active storage mitigates these welfare losses.
In other words, it might be interesting to compare the welfare losses of an energy mix,
e € £ N &¢, with those of a hypothetical case in which storage is forbidden. In the latter
case, the optimal electricity allocation is similar to that described section 4, except it now
applies to an energy mix e € £2NEC. Moreover, as it can be seen in Fig.1 and either Fig.2
or 3, that the single plateau without storage ¢"*(e) is, in both cases, lower than ¢ (e).
This follows from the fact that the yellow area in the case without storage (see Fig.1)
corresponds to the amount of dispatchable energy. In the case with storage (Fig.2 or 3),
this area corresponds to the amount of dispatchable and stored energy (see Appendix H
for a proof). Let us now denote the welfare losses when storage is forbidden by AZV}: -
This quantity is typically given by Eq.(50), where ¢1(e) = ¢™*(e) and ¢éa(e) = epyR. We
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can therefore construct the difference in welfare losses for each e in £ N €. After some
manipulations (see Appendix H), we obtain that:

AT Ak = / (0 (ma {min {6a(e), £ (R} (0)}) — o () )
+1Zfﬁw(nwx{5ﬂ€%€@)3})—fﬂ(éﬂeﬁ)éﬁ)dt (52)

Now recall from our previous discussion that é (e) > ¢"(e) so that:

max {min {& (e), e(t)R} , ™ (e)} > ¢*(e) (53)

and observe that max {éa(e),e(t)R} > ¢éa(e). Since v/ < 0, both integrals are negative,
leading to AZ;S — AA—V;{ < 0. Given that both terms are negative, we can conclude that
the welfare losses when storage is forbidden, Axgs , are greater than the welfare losses
with storage, ‘AA—% . Thus, we can say that active storage facilitates the energy transition

from the consumer’s point of view.

Finally, let us recall from Eq.(50) that any increase in storage capacity has a positive
effect on welfare as long as this capacity remains binding (i.e., when & > MRS /z,). This
means that we can offset the negative impact of substituting dispatchable energy with
renewable energy thanks to a paired increase in storage capacity. To illustrate this point,
we again take a situation in which renewable capacity rises by AR, while dispatchable

capacity falls by ( fol e(t) dt> AR. But now, we couple this change with an expansion
of storage capacity proportional to the change in renewable energy production over the
cycle [0, 1] and given by k < fol e(t) dt) AR. In this case, the variation in consumer welfare

becomes:
AW i/ (@(e)) ( /0 15(t) dt) + /0 1u’ (min {max {1 (¢), e(t)R} , &a(e)}) £(t) dt
tkotud (é1(e)) (g—; — MRS;, /52) ( /0 1 £(1) dt) (54)

Since the first two terms are negative in sum and the last is positive due to the binding
storage capacity, we can easily identify the proportional expansion of storage capacity
that offsets the initial negative welfare effect. This factor k is given by:

/' (1(e))( [y e(t) dt)— [y o/ (min{max{é1 (e) (t) R},E2(e)})e(t) dt
ot/ (é1(e)) (g—_kaRS&l/EQ) (fy e(t)dt)

k= >0 (55)

But this clearly raises the question of whether the size of this factor is reasonable. To
bring an answer, let us observe that min {max{¢;(e),e(t)R},cs(e)} < éa(e). It follows
that:
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(! (1(e)—u' (Ea(e)) (fyy =(2) dt)
ot (81(e)) (%—M3551/52) (fy e(t)dt)

k<

1-MRS:, ; .o
————% <1 since — >1land ot > 1 (56)
_MRsél/(_:Q O'Jr

_ 1
T ot o
ot
In conclusion, we can state that the negative effect on welfare of substituting dispatchable
energy sources with renewable energy sources can be offset by increasing storage capacity,
with this expansion being less than the additional renewable production over the cycle.

The next proposition summarizes this discussion:

Proposition 5. If renewable energy replaces dispatchable energy over the cycle while
keeping total energy production constant, then:

(i) Consumer welfare decreases in the different scenarios that we have identified.

(i) These welfare losses are nevertheless smaller when storage is activated during the
renewable production cycle.

(#1) If storage capacity is limited, these welfare losses can be offset by adjusting the storage
capacity through an increment that is lower than the rise in renewable energy production.

8. Further discussions

In this section, we discuss two extensions and a technical aspect of the model. We
first examine the optimal choice of energy capacities, and then characterize the pricing
structure associated with the optimal consumption path. We finally explain why, in a
framework that focuses on consumption, it is possible to restrict, without loss of generality,
to a representative consumer.

8.1. The energy portfolio choice

In the analysis up to now, we have assumed away the costs associated with capacity
installation and the production of dispatchable energy. In order to take these into con-
sideration, we need to introduce explicit cost functions Cg, Cr, and Cp corresponding
respectively to storage, renewable, and dispatchable capacities. As we assume stationar-
ity we can represent these capacity cost as primarily reflect operating expenses and the
amortized capital repayment over the relevant time horizon. For dispatchable technolo-
gies, the cost function must additionally incorporate fuel expenditures required to supply
D units of energy over the cycle. This function, as in the seminal paper of Ambec and
Crampes (2012), can be taken as linear. In this simple case, we can write the following
optimization program:

(pmax_ W(D, R,S) — Cp(D) — Cr(R) — Cs(5) (57)

where W (D, R, S) is the welfare function obtained in Lemma 2 and C;, i = D, R, S, the
cost function associated with the capacity levels over the cycle. If these cost functions
satisfy standard properties, especially differentiability, then Lemma 2 tells us that for
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interior solutions, the marginal welfare of each energy source must be equal to its marginal
cost. This creates a system of equations which enables us to find the optimal energy mix.

More sophisticated specifications such as capacity accumulation could also be intro-
duced (see, for instance, Helm and Mier 2021 or Pommeret and Schubert 2022). Under
capacity accumulation, the cost functions Cg, Cr, and C'p would represent the investment
undertaken in each period, while total installed capacity becomes the cumulative sum of
past investments depreciated at different constant rates. This extension introduces an
intertemporal trade off in which the social planner balances the upfront investment costs
against the consumer gains generated by smoother consumption enabled by the different
production technologies.

In addition, we can allow for heterogeneous dispatchable generation technologies, such
as coal, gas, or nuclear, each characterized, by its own linear marginal cost. This nat-
urally yields the classical merit-order structure : technologies with the lowest marginal
cost are dispatched first up to their capacity constraint, followed sequentially by higher
cost units (see, for instance Léautier 2019). One could further extend the framework by
introducing a merit order within renewable technologies, see Abrell et al. (2019), whereby
the most productive units produce first. A similar merit order could also be applied to
heterogeneous storage technologies, see Newbery (2018).

8.2. FElectricity tariffs along the cycle

Throughout this work we study the problem from the perspective of a social planner.
As long, as we introduce price taking behaviors, we can even associate to this economy
a competitive equilibrium. Moreover without externality, like environmental damages,
we know, by the Welfare Theorem, that the electricity price obtained at the competitive
equilibrium is obtained by the marginal utility of the consumer along the optimal con-
sumption path. This yields a tariff structure consisting of two constant levels, a high and
a low price, with real-time pricing between them.

In the case when storage operates the optimal consumption trajectory itself traces out
the competitive tariff (see Figure 2 or 3). Between [0, T}], given that the marginal utility
is decreasing in consumption, the price is constant at its upper level. Over the interval
[T1, T3], the consumer’s flexibility allows consumption to adjust smoothly to the rising
profile of renewable production, implying a decreasing price path up to a second plateau.
On [T3,T,], the price remains at its lower constant level, corresponding to the period
of maximum renewable availability. Over [T}, T3], the price increase as renewable output
falls, eventually reconnecting with the higher plateau. Finally, from [T, 1], the price again
remains constant at the high level. For the first regime the tariff is straightforward with
a unique off-peak price and real time price adjustment elsewhere (see figure 1).

A key modeling assumption in our analysis is that the consumer is perfectly flexible in
its level of consumption. The tariff we derive therefore directly implements the planner’s
optimal consumption trajectory. This stands in contrast to the traditional Real-Time
Pricing literature, such as Borenstein and Holland (2005), which focuses on how consumers
adjust their load in response to supply-driven price fluctuations. In their framework, peak
demand is taken as exogenous and drives the shape of the optimal price path where flat
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pricing is not efficient contrary to RTP. Our results show that, even under full flexibility of
consumers, the efficient allocation features consumption plateaus generated by renewable,
dispatchable and storage which translate into fixed prices such as in Time of Use (see for
instance Nicolson et al. 2018). As a consequence, the full RTP schedule can be closely
approximated by a ToU augmented with a limited amount of real-time adjustment. The
presence of, storage capacities able to store excess renewable energy is what creates this
tariff structure.

8.3. Back to the representative consumer assumption

Now let us show how we can, without loss of generality, restrict our attention to a
representative consumer. Suppose there are n heterogeneous consumers. Their utility
function is given by U; (z; (+)) = fol w; (x; (t)) dt, where each u;(x) is increasing, strictly
concave, and satisfies the usual Inada conditions. The social planner’s problem can now
be written as follows:

max w; (x; ( (58)
(i ()7 d(t) 5+ (). Z /

This problem is subject to the same set of dynamic constraints given by Eq.(10), but with
an additional constraint. This constraint stipulates that, for each t, distributed electricity
corresponds to the amount of available energy due to a particular use of dispatchable
energy and storage and is given by:

Z z; (t) = —oTsT(t)+ o7 sT(t) + e(t)R (59)

—X(®

Note that the allocation of dispatchable energy and the storage strategy are independent
of how energy is distributed among consumers. This allows us to separate the questions
of distribution and production, and consider the following problem:

n 1 n

V(X(-) = max /ul x; (t)) dt s.t Vt, z; (t) = X(t 60

X0 = mas 3 [ 0) Son) =Xt ()

The function V (X(-)) stands for the aggregate indirect utility be used in the production

choice problem. In other words, it is the utility of our representative agent. We also

observe that the previous problem is separable in time. This means we can restrict our
attention to the subproblem given by:

= max Zul x;) s.t le— (61)

and define the aggregate indirect utility as V (X fo ))dt. So, if v(X (1))
shares the same restrictions as those we have 1mposed on our representative agent, both
approaches lead to the same results. In other words, it remains to verify that v(X(¢)) is
increasing, strictly concave and satisfies the usual Inada conditions. This technical point
is verified in Appendix I.
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9. Concluding remarks

In this paper, our primary focus has been the investigation into the implications on
consumer welfare of the substitution of dispatchable energy sources, mainly obtained from
fossil fuels, by renewable energy sources that are frequently intermittent in nature. We
started with two observations. On the one hand, the additional variability in supply
requires consumers to be more flexible, which leads to welfare losses. Conversely, the
development of storage capacity serves to mitigate these short-term fluctuations, thereby
curtailing such welfare losses. To address this issue, we examined how intermittent re-
newable energy generation, dispatchable power supply and energy storage work together
to determine the optimal electricity consumption path over a renewable production cycle.
We then characterized the resulting level of consumer welfare. By solving this optimal
control problem with fixed production and storage capacities, we identified three different
regimes (no storage, abundant storage, and binding storage capacity) and their corre-
sponding energy mixes. The effects on consumer welfare of replacing dispatchable energy
with intermittent renewable energy sources were then discussed using these scenarios. As
expected, consumer welfare declines with this substitution due to the need for additional
flexibility. These welfare losses are smaller when storage is active, but they nevertheless
persist. Finally, when storage capacity is limited, a moderate expansion of this capacity
can fully offset these losses.

For a more comprehensive analysis, as suggested in Section 8.1, our model would
require a deeper study of the composition of the electricity mix. In this paper, we con-
sidered only the optimal short-term adjustment of dispatchable, renewable, and storage
capacities to supply variability. A more general framework would incorporate capacity
accumulation, whereby new capacities result from investment decisions made in preced-
ing cycles. This would introduce an intertemporal trade-off across the costs of different
energy sources and yield an optimal time path for the energy mix, rather than the para-
metric analysis developed here. The resulting dynamics could then be compared with
the existing literature (see, for instance, Helm and Mier 2021 or Pommeret and Schubert
2022).

It should also be noted that our discussion of electricity prices in Section 8.2 applies
only when the conditions of the second welfare theorem are satisfied. This excludes several
types of market failures, such as price making decisions or environmental externalities
which would both call for policy interventions. Regarding the latter, it is straightforward
to introduce a damage function related to the production of dispatchable energy which
is fossil-based. Such a damage function can be readily integrated into our optimization
problem, as in Pommeret and Schubert (2022). However, addressing the policy issues
induced by this externality would require explicitly modeling the price-taking behaviors
of the different agents. To address market power, we even need to go a step further
by identifying competitive and non-competitive behaviors (e.g., Ito and Reguant 2016,
Acemoglu et al. 2017, Andrés-Cerezo and Fabra 2025). Both market failures could also
be studied concomitantly as in Garcia-Alaminos and Rubio (2021).

Finally, it is important to emphasize that the welfare losses highlighted in our model
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stem from an aversion to consumption flexibility. Consumers prefer a constant stream
of consumption since the instantaneous utility does not depend explicitly on time but is
defined only through the consumption path. If this condition does not hold, it may be
possible to identify alternative consumption profiles, correlated or not, with the short-
term renewable production cycle. For such analyzes, one may refer to Trotta (2020) or
Reguant et al. (2025).
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Appendix A. Proof of Lemma 1

Points (i) and (ii) follow directly from our discussion.

(iii) Assume that 3 (¢,¢') for which Vt € (¢,t'), sT(t)s™(t) # 0. In this case sT(¢) > 0 and s~ (¢) > 0, and,
according to the slackness conditions (see Eqs.(20) and (21)), we have pg+(t) = pg-(t) = 0. But if we
sum Eq.17 and Eq.18, we get the following:

s = (07 — o) (2(t) < 0 (A1)
<0 >0

which contradicts the fact that A, is a non-negative constant (see Eq.15).

(iv) Now assume that 3 (to,t;) for which V¢t € (to,t1), sT(t)d(t) # 0. It follows from the slackness
conditions given by Eqs.(19) and (20) that pq(t) = pe+(¢) = 0. Using the optimality conditions given by
Eq.16 and Eq.17, we can therefore claim that:

_U+)\D+)\Z_)\S:0 (AQ)

Now, recall from Eq.(10) that all the stored energy is discharged during the cycle. As storage and
discharge cannot occur simultaneously (see point (iii) of this proof), 3 (ts,t3) for which V¢ € (t2,%3),
st(t) > 0. and therefore p1,- (t) = 0. From the optimality conditions given by Eq.18 and Eq.16, and the
slackness condition (19), we obtain, respectively, u'(x(t)) = ;\—? and ;\—? — Ap < 0. As the co-states are
constant on [0, 1] (see Egs. (13) to (15)), we can say from Eq.(A.2) that:

)\S:_U+)\D+)\ZS_J+)\D+U_)\D<O (A3)

and contradicts the fact that Ay is a non-negative constant (see Eq.15).

Appendix B. Proof of Proposition 1

Since the constraints of the optimization problem are linear, it remains to check that the Hamiltonian
is concave with respect to the control and stock variables. This Hamiltonian

H (d, st s, /\D,)\z,)\s,t) =u(d—otst +07s" +e(t)R) — Apd + Ay (s+ - 57) — AgsT (B.1)
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is also independent of the stock variables (D(t), %(t), S(t)). We only have to verify that this function is
concave with respect to the controls (d,s™,s™). A simple computation shows that its Hessian is given
by:

1 —ot o~ 1
0 o o H=0"(z(t) | —ot (0")? —oto~ | =u"(z(t)) | 0 [1 —oF o7 ] (B2)
o= —otom (07) o
It follows that:
VA ER? B892 H-h=u"(x(t)) (h1 — 0" he + 0" hg)? <0 (B.3)

Appendix C. Proof of Proposition 2

Point (i). Let us show that:
1
¢1(c) = / max {¢ —e(t)R,0} dt — D (C.1)
0

admits a unique solution & with the property that é* > z = (/)" (g—fu’ (EMR)>. Obviously lim.—, o0 ¢1 (¢) =
+oo and, under the no storage condition (Eq.(26)), by construction lim. ,z ¢1 (¢) < 0. So, if ¢1(c) is
increasing, there exists a unique é* > Z solution to ¢; (¢) = 0. To verify this point, divide the domain of

¢1 (¢) into two intervals: [0,ep/R) and [epr R, 4+00). On the second, ¢ > eprR > e(t)R. It follows that:

1 1
Ve € emyR,+00), ¢1 (c) = /0 (c—e(®)R)dt — D =c— R/o e(t)dt — D (C.2)

so that ¢} (¢) = 1. Let us now move to the interval [0,e5;R). Since ¢ < ep/R, we can, by construction
of the cycle €(t), assert that there exists, for each ¢ € (0,epR), a unique couple (71(c), T2(c)) such that
for i = 1,2, e(T;)R = c. If Th denotes the time of the peak of renewable production, we also have
0 < Ti(c) < Tar < To(e) < 1. Moreover, since £(t) increases and decreases on, respectively, (0,Ths) and
(T, 1), we can also say that T7(c) > 0 and T4(c) < 0. It follows that:

T (c) 1
Ve e (0,emR), ¢1(c) = /0 (c—e(t)R)dt + /T o (c—e(t)R)dt — D (C.3)

and therefore that:

¢1(c) = Ti(c) + Ti(c) (¢ = () R),_r, (o) + (1 = T2(c)) = T5(c) (¢ — () R),_p,
=1-—"Ts(c) + Ti(c) > 0 since 0 < T1(c) < Ta(c) < 1 (C4)

Point (ii) and (iii). To save notation, we will omit the superscript a characterizing the case. So, let us
now construct the consumption path V¢ € [0,1], Z (t) = max{¢ e(t)R}, the allocation of dispatchable
Vt € [0,1], d(t) = max{¢— (t)R,0} and the storage strategy Vvt € [0,1], 5 (t) = 5T(t) = 0. By
Proposition 1, if constant co-states (5\ D, 5\2, S\S), and continuous and piecewise differentiable multipliers
(fiq(t), fus+(t), is— (t)) exist and satisfy Eqgs.(10), (15) and (16) to (21), then Z (¢) is the solution to our
electricity allocation problem.

Let us start with the isoperimetrical conditions given Eq.(10). By construction of ¢, we have

fol d(t)dt = D and, since 31 (t) = 5 (t) = 0, we satisfy fol (st(t) — s (t))dt =0 and fol st(t)dt < S. The
lack of storage also implies that fol §t(t)dt = 0 < S and therefore, by Eq.(15), that Ag = 0. Since Ap is
free (see Eq.(13)), we set Ap = u’ (¢).
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Let us now concentrate on Eqs.(16) and (19). Since the electricity consumption is given by # (t) =
max {¢,e(t)R} and A\p = v (¢), Eq.(16) provides the path of fi4(t), given by:

vt € [0,1], fia(t) = /' (€) — v’ (max { e(t)R}) (C.5)

Obviously, fiq(t) > 0 since ¢ < max{¢,e(t)R} and u”(x) < 0. It remains to verify that V¢ € [0, 1],
d(t)fiq(t) = 0. Since u”(x) < 0, we can say that V¢ € [0, 1]

d(t) = max {¢ — e(t)R,0} > 0 = &> ()R & fig(t) = v/ (¢) — v’ (max {¢,(t)R}) = 0 (C.6)

and, since d(t) > 0 and fig(t) > 0, we also have jig(t) > 0 < d(t) = 0. It follows that V¢ € [0,1],
d(t)7ialt) = 0.

Finally, let us concentrate on Eqs.(17),(18) and (20), (21). Since V¢ € [0,1], §7(¢) = §7(¢t) = 0, the
slackness conditions given by Eqs.(20) and (21) only require that V¢ € [0, 1], fiz+(t), fis- (t) > 0. If we

now move to Egs.(17) and (18), we get:

fg+(t) = oTu/ (2(t)) — As
e { G0 20T 7
Since Ay is free (see Eq.(14)), the non-negativity of fi,+(¢) and fi,— () therefore requires that:
vt € [0,1], Ay € [0/ (2(t)), ot/ (2(1))] (C.8)

In order to show that such a Ay exists, first recall that no storage occurs if z < Z(t) & o' (Z) > v/ (2(t))
since u”(z) < 0. Moreover, by Eq.(22), = (u/) ™" (g—fu’ (eMR)>. It follows that:

Joax o () <o (7) =0T (emR) (C.9)

Since Z(t) = max {¢,e(t)R} < max {¢,ep R} and v’ () < 0, we can also say that:

rr[l(i)rh ot/ (E(t)) > o™/ (max {& e RY}) (C.10)
tefo,

Finally, since v’ (epyR) < v’ (max{¢,epmR}), we can define a Ay which satisfies Eq.(C.8) given, for
instance, by:

+

Ay = % (v (emR) + v’ (max {¢,ep RY})) (C.11)

Appendix D. Proof of Proposition 3

Point (i). We proceed in two steps. First, we construct the threshold x and exhibit its property. In a
second step, we show that there exists a unique ¢; € [z ,Z). satisfying Eq.(35)

Let us first study & which solves fol sT(f(z),t) — S = 0. By Eqgs.(33) and (34), we know that f(x) is
a bijection from (0, +00) into (0,+00), so let us concentrate, by the definition of s*(y,t) (see Eq.(31)),
on:

1
oly) = X / max {e(t)R — y,0}dt — S (D.1)

0
If there exists a unique y > 0 solution to ¢(y) = 0 then z = f~!(y) exists and is unique. Let us observe
that (i) Yy > ex R, ¢(y) = —S and (ii) by our assumption (see Eq.(7), lim, o ¢(y) = £ fol g(t)dt—S > 0.

It therefore remains to verify that ¢(y) is strictly decreasing on (0,5, R). From the property of our cycle
e(t) on [0, 1], we can construct, for each y € (0,epR), a unique couple of times T5(y) < Tas < Ta(y) with
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the property that for i = 3,4, e(T;)R = y. It follows that ¢(y) becomes ¢(y) = Tii%) (e(t)R —y)dt—S

and :

¢'(y) = 5 (= (€O)R = 9i—ry ) T3(@) + ((OR = Y)li_g, () Ta(w) — (Tu(x) = T3(2))y) <0 (D.2)

=0 =0

Let us now show that there exists a unique & € [ z ,Z) satisfying Eq.(35). So, define:

:/0 max{c—s(t)R,O}dt—a‘/O 1 max {e(t)R — f(c),0}dt — D (D.3)

From Eqs.(C.1) and (D.1), we observe that ¢2(c) = ¢1(c) — o~ (p(f(c)) +.5). Since, by Eq.(22), f(z) =
em R and f'(¢) > 0, we can say, by Eq.(D.1), that Ve > Z, cp( (¢)) = —S. It follows, by the condition
given by Eq.(28), that:

Ve > T, ¢a(c /max{c—s( JR,0} dt — D>/ max {Z —e(t)R,0}dt — D >0 (D.4)

Now let us consider ¢ <z. Since f’(c) > 0, we can state, by construction of ¢ (see Eq.(D.1)), that Ve <z,
o(f(c)) > o(f(x) = 0. Moreover the condition given by Eq.((37) implies that Ve <z, ¢1(c) < 075 and
it follows that Ve < x, ¢2(c) < 075 — 0~ S = 0. We can therefore claim that there exists ¢ solution
to ¢2(c) = 0 with the property that & € [ x,Z). Moreover from Egs.(34),(C.4) and (D.2, we can say
Ve € (x,%), ¢h(c) > 0. This ensures uniqueness.

Point (ii) to (iv). We again neglect the superscript b of the case and show that our solution candidates
satisty the sufficient optimality conditions of proposition 1. So, let us set Z(¢) = min {max {¢1,e(t)R},¢2)}
and §(t) = - max {e(t)R — ¢2),0} with & = f(&) given by Eq.(33). The choice of d(t) and 57 (t) (see
(iv) of proposition 3) is less obvious due to multiple solutions. To solve this problem, we consider any
continuous and positive selections d(t) and 5~ (t) that verify the conditions given in (iv) of Proposition
3.7

The isoperimetrical constraints given by Eq.(10) are obviously satisfied. d(t) and 5~ (t) verify their
respective condition by construction of these selections. Moreover since ¢; >_x, the storage capacity is
not binding so that fo FH(t) < S.

Now let us set Ap = u (cl), As = ot/ (é)) and Ag = 0 (so that condition (15) is satisfied). If we
now concentrate on the Lagrangian multiplier, we immediately obtain from Eqs (16) to (18) that:

Vte[0,1], fa(t) = u'(¢1) — v (2(t)) (D.5)
Yt €[0,1], figs(t) = —otu/(G2) + ot (E(2)) (D.6)
vt €[0,1], fis-(t) = ot/ (G2) — o7 (2(2)) (D.7)

It remains to show that the slackness conditions given by Eqgs.(19) to (21) hold.

Concerning the non-negativity of these multipliers, recall first that Z(¢) = min {max {¢;,e(¢)R}, 2}
and that ¢; < éa. This implies that (i) Z(¢t) = ¢; if e(¢)R < &, and (ii) Z(t) = min {e(¢)R, é2} else. In any
case I(t) > &, and, since u (z) < 0, v/ (2(t)) < v’ (&1). It follows from Eq.(D.5) that:

"Readers may wonder whether such selections exist. The example given by:

LT (t)dt

d(t) = + max {&1 — €(t)R7O} and gi(t) = m

Do Ji s (0dt max {¢; — e(t)R, 0}

satisfy the conditions given in (iv) of Proposition 3.
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- 0 if E( ) <&
vt € [0,1], fia(t) = { W (ér) — (JNL’( ) else >0 (D.8)

Since ¢; < &, we can also deduce, from the definition #(t), that (i) Z(t) = é if e(t)R > ¢ and (ii)
Z(t) < ég else. As u”(z) <0, we get v (Z(t)) > v/ (é2)). Hence, Eq.(D.6) implies that:

Vt € [0,1], i (t) = { ?,if(iﬁt()f(;ﬁ ey e 27 (D.9)

Finally, since & = (u/)”" (U’ u'(¢ )) Eq.(D.7) becomes:

Vt € [0,1], fis-(t) =0 u'(¢1) —o~u' (Z(t)) = o fig(t) >0 (D.10)

It remains to verify the three exclusion conditions. First recall that the selections, d(t) and 5~ (t),
verify:

Vi € [0,1], d(t) + o~ s (¢t) = max {¢; —e(t)R,0} (D.11)

Since d(t), 5 (t) > 0, we can therefore claim that d( ) =35 (t) = 0if e(t)R > ¢&. It follows respec-
tively by Eq.(D.8) and Eq.(D.10) that ¥t € [0,1], fia(t)d(t) = 0 and fi,- (t)5~(t) = 0. Finally, since
§%(t) = S max {e(t)R — ¢2,0}, we can say that 5" (¢ ) = 0 if ¢ > e(¢t)R. Hence by Eq.(D.9), Vvt € [0, 1],
fs+ (£)8T(t) = 0.

Appendix E. Proof of Proposition 4

Point (i). Let us start the existence and uniqueness of &§. From Eq.(41), & solves ¢(é5) = 0 as defined in
Eq.(D.1) of Appendix D. By using the first step of point (i) of this Appendix, we immediately conclude
that &5 = f(z) with, f(z) given by Egs.(33).

Now observe that ¢ solves ¢3(c) = 0 with

0= [ max {e~ R0}t~ 075~ D =60) (D4 05) (B1)

From (i) of Appendix C, we know that ¢} (c) > 0, the same therefore hold for ¢3(c). Moreover ¢3(0) =
—(D+078) < 0 and, with the condition given by Eq.(43), ¢3(z) > 0. It follows that there exists a
unique ¢§ <z solving this equation.

Point (ii) to (iv). To spare notation, we omit the superscript ¢ of the case under consideration and, as

in Appendix D, we set #(t) = min {max {¢,(t)R}, ¢} and §7(t) = - max {e(t)R — é,0} and select

two continuous function d(t) and § (t) that satisfy V¢ € [0,1], d(t) + 0~ 5 (t) = max {¢ —e(t)R,0},
fol ] = D but with now fo t)dt = S. It follows that the isoperimetrical constraints given by
Eq. (10) are again satisfied at the dlfference that the storage constraint is now binding.
_ Since Ap and Ay are free (see Eqs.(13 and 14), we set Ap = «/(¢1) and , Ay = o~ u/(¢;). We now fix
As = 0~/ (¢1) — 0w/ (é). By Eq.( 40), we know that Ag > 0 , and, because the storage constraint is
binding, S(1) = 0. It follows that Eq.(15) is satisfied.

It follows, by Egs.(16) to 18) that the Lagrangian multipliers are given by:

fia(t) = u'(¢1) — u'(£(1)) (E2)
fist (t) = o (u'(2(2)) — u'(&2)) (E.3)
fis=(t) = 0~ (u'(¢1) — ' (Z(t)) = 0~ fia(t) (E4)

Concerning fiq(t), we can, since ¢; < o2, apply the same argument as in Appendix D and obtain that:
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o [o0ife®R<&
e ) ={ DA e 20 (E5)
From Eq.(E.4), we immediately observe that fi,- (¢) > 0. Finally, concerning fi,+(t), let us recall that
Z(t) = min{max {¢1,e(t)R},é} and that ¢ < é&. This implies that (i) Z(t) = max{é,e(t)R} if
e(t)R < & and (ii) #(t) = & if e(t)R > &. In any case, #(t) < &, or u’ (%(t)) > u’ (&) since u” (x) < 0.
It follows, from Eq.(E.3), that:

ot (v (% () —u'(¢2) if e(t)R < o
0 else

Vt € [0,1], jigs(t) = { >0 (E.6)

It remains to verify the three exclusions conditions contained in Eqgs.(19) to (21) hold. With the same
argument as in Appendix D, we conclude that V¢ € [0,1], fiq(t)d(t) = 0 and fi,- (t)5(t) = 0. Finally,
since §7(t) = - max{e(t)R — ¢2,0}, we can say that 57(¢t) = 0 if é; > e(¢t)R. Hence by Eq.(E.6),
vt €[0,1], fis+(8)$T(t) = 0.

Appendix F. Consumption plateaus and comparative statics

Case (a): Without storage.
The derivative of Eq.(27) with respect to D is given by: &

Ty _ 1 .
/ Opadt + (& — e()R)|,_7.0pTf + | Opedt — (&% — e(t)R)| g3 OpT{ — 1 =0 (F.1)
0 Ty

=0 =0

and from the definition of T, we know that (&% — 5(t)R)|t:Tf = (¢* — e(t)R)\t:T; = 0. Moreover, dpé®
is independent of ¢ and T§ < 1. It follows that:

. . . -1
8Dé“(1+Tf—T2“)—1:O<:)8DE“:(1+Tf‘—T2a> >0 (F.2)
Using a similar argument, the derivative of Eq.(27) with respect to R becomes:
e 1
/ (ORé® — e(t)) dt + / (Oné® — e(t)) dt = 0 (F.3)
0 3
We deduce that: B
. _ N\ -1 h% 1
Orc® = (1 +T7 — T;) </ e(t)dt 4—/~ 6(t)dt> >0 (F.4)
0 5

Case (b): With non binding storage.
First, let us substitute &5 in Eq.(38) by its value given by Eq.(39). Using the definition of switching

times Tib i =1,...,4, the derivative of this new identity with respect to D is:
Th
Yoo b
6Dcldt + (Cl ) ’t TbapTl / 8D01dt — (Cl — 6 ) |t TbapTQ
0
=0 =0
— T4
+< /Tb F(@)opeidt — (f(&)) —e(t)R)|,_ TbaDT3 + (f@) —<e(t)R)]|,_ Tba,ﬂg —1=0 (F.5)
3
=0 =0

8To simplify the notations, we omit in what follow the argument (D, R) of the different functions
unless it is necessary for a better understanding.
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Since ¢} and dpc are time-independent, we obtain:
(le F1—TE (T - Tf)f’(é’{)) Apt —1=0 (F.6)

Now observe that f/(&) is given byEq.(34, and recall that v’ < 0 and T < 1, T? < T?. Tt follows that:

9 (=b
dpd = vig) >0 (F.7)
(1+Tf—T;)u”(ag)+<g—+) (TP —Tb)u (&)

We now compute the derivative of Eq.(38) with respect to R. Using the definition of the switching times
TP i=1,...,4 and the fact that & and Opé} are time-independent, we get that:

b 1 T
(T{’ +1-T + (T} - T;;)f/(al;)) Ore) — / e(t)dt — / etydt — 2 [ e(t)ydt=0  (F.8)
0

73 T3
since u” < 0 and TP < 1, T? < TP, we can conclude that:

g 1 o T ” (@b
(fo b e(dit [y e+ T Jpy 5””“)“ (c2) <0 (F.9)

~b
8301 == - - e 3T ~
(+7t=Tp)w @)+ (57 ) (T-Thw @)

To obtain the derivatives of ¢ with respect to D and R, we simply use Eq.(39). By the chain rule,
we get dpés = f/(é5)0pc and Orcs = f(4)0re%. Since u” < 0 and T < 1, TY < T2, it follows that:

e >0 (F.10)

~b
aD CZ -

and N .
(4 ewaer phy ewar T g7

i s(t)dt) T (&)

>0 (F.11)

ORét = — —
(4= @)+ (5 ) (T-Thw @)

Case (c): With binding storage.
Since & is not in Eq.(45) and vice-versa for & and Eq.(46), we can work identity per identity. So if
we compute the derivative of Eq.(45) with respect to D we get:

. o N
/ Opisdt + (& — e()R) oy 005 + | OpEdt — (@ — OR)|,_g00Ts —1=0  (F.12)
0 T

=0 =0

Since Opcf is independent of ¢ and TQC < 1, we can say that:

~C __ 1

Now by differentiating with respect to R, we have:

B . ! - . S e(t)dt+ [F e(t)dt
/ (OnS — 2()) dt + / (ORE — e(t)) dt = 0 = dpes — "D fO1 (F.14)
0 - (i)

Finally, working with S gives the following:
iy 1

Oséidt + . Os¢i{dt —o~ = 0= 0s¢] =

) >0 (F.15)
0 Ts

o~
(Tr+1-Ts
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If we now move to Eq.(46), we immediately observe that dpc§ = 0. Moreover, the derivative of
Eq.(46) with respect to R is given by:

T s e(t)dt
7 4~ 13

Ts
By doing the same computation with respect to S, we get:

T Ti=Ty

Ty
/ (—058) dt — ot =0 = 0585 = —=Z— < 0 (F.17)

Appendix G. Proof of Lemma 2

(i) Preliminary remarks

From the conditions given by Eqs.(26), (28),(37) and 43), and the upper bounded on dispatchable
energy given by Eq.(8), we can say that the different energy mix domains corresponding to no-storage,
non-binding storage and binding storage are respectively given by:

£o— {e ce: /01 max {#(¢) — £(t)R,0} dt < D < R/O1 (enr — £(1)) dt } (G.1)
g — {e ce: /01 max {z(¢) — ()R, 0} dt — =S < D < /01 max {7(c) — e(t)R, 0} dt } (G.2)
g — {e €E£.0<D< /Olmax{x(e) — (R, 0} dt — oS } (G.3)

with Z(e) = f~1(eyR) = (u/)f1 (g—tu’ (EMR)> (see Eq.(22)) and z solving fol st(f(z(e)),t) =S =0
(see (i) of Appendix D).

In addition, note that, by construction, Z(e) and z(e) are continuous functions, but neither of them
takes D as an argument. This means that the left and right terms of each inequality that define these
domains are independent of D. Recall now that ey R > Z(e) >z(e) > 0, it follows that :

R / Cewr— e dt > [ max{z(e) — <(t)R.0) di (G.4)

and

1 1
/ max {Z —e(t)R,0} dt > / max {z(e) —e(t)R,0}dt —o~ S (G.5)
0 0

Finally, by condition (43), we know that:

1
max {z(e) —e(t)R,0}dt —0~S5S >0 (G.6)
0
These observations first ensures that £%, £ and £ form a partition of £. But they also say that (i)
£ has only boundary with £° given by fol max {Z(e) — e(t)R,0} dt = D, (ii) the boundary between £
and £° is given by fol max {z(e) —e(t)R,0}dt = D+0~S, and (iii) £* and £° has no common boundary.
This simplifies the proof of the continuity of &; () and & (e) since we only have to look at "what happens"
on each side of the common boundary.

(ii) Continuity of ¢ (e) and éz(e)

The boundary fol max {Z(e) — e(t)R,0} dt = D separates £ from E®. So let us consider two sequences
e? — e and ¥ — e that verify e2 € £9, ¥ € €% and e is a point of this boundary and let us show that
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(@1 (ef) Calen)),en and (1 (€h) ¢ (€h)), oy converge to the same vector (¢1(e) ¢ (e)). Let us start
with the sequence (¢ (e2),és (e ))neN By construction, Ve € £%, ¢ (e®) = ey R, hence ¢ (e?) —
¢y (e) = ey R. Concerning ¢; (e2), let us first observe by Eq.(C.1) that ¢1(Z(e)) = 0 so that ¢ (e) =
Z(e). Moreover ¥n, ¢ (e%) solves ¢1(¢1 (e2)) = 0. Since ¢ is continuous and admits a unique zero
(see (i) of Appendix C), we can say that ¢ (e%) — & (e) = Z(e). Let us now move to the sequence
(61 (eg) , Co (e%))neN. From Eq.D.3, we know that Vn, ¢2(¢; (ei’l)) = 0, hence by continuity of ¢o, we
have ¢5(¢; (€)) = 0. Since e belongs to the boundary, we can say that:

¢2(¢1 (e)) = —0~ /0 - max {e(t)R — f(¢1 (€)),0} dt =0 (G.7)

It follows that & (e) > f~! (esrR) = Z(e). But we also know (see (i) of proposition 3) that V¥n, 01 (e?) <
z(e?) = f~Y(emR,), hence, by pushing at the limit, continuity says that & (e) < Z(e) = f~!(emR).
In other words we can conclude that ¢ (%) — & (e) = Z(e). Concerning ¢ (%), let us recall, by
(i) of proposition 3, that Vn, ¢ (eb) = f(¢1(€h)). As é (€}) — z(e) = f~'(emR), it follows that
Ca ( n) — emR.

Let now move to the boundary fol max {z(e) — e(t)R,0} dt = 0= S + D that separates £° from &£¢
and let us consider two sequences e — e and e¢ — e that verify eb € £°, e¢ € £¢ and e is a point of
this boundary. We first start with the study (61 (efl) , C2 (efl))neN. So let us observe, by Eq.(D.1), that
¢ (f(z(e)) = 0. By Eq.D.3 and the definition of the boundary under consideration, we can claim that:

Pa(z(e)) = /0 max {z(e) —e(t)R,0} dt — o~ (p(f( z(e))) +5) =0 (G-8)

It follows that é3 (e) =z(e). Uniqueness of the solution (see (i) of Appendix D) and continuity of ¢,
ensure that ¢; (eb) — ¢ () =z(e). Moreover, by continuity of f(c1), we get that ¢, (eb) = f (¢ (eb ) —
f (z(e)). Now, let us concentrate on (¢1 (€5), ¢ (e ))nEN From Eq.?? , we know that Vn, ¢3(¢; (ef)) = 0.
By continuity of ¢3, this implies, at the limit, that ¢ (e) solves:

63(e1 (€)) = /O max {& (¢) — e(t)R, 0} dt — 0=S — D = 0 (G.9)

As the solution to this equation is unique (see (i) of Appendix E), we deduce, from the definition of the
boundary under consideration that ¢ (¢) =z(e). Moreover by continuity of ¢3 and f, & () —z(e).
Finally, recall from (i) of proposition 4 that ¢ (ef) = f (x(ef)), hence, by continuity, & (e) — &5 (e) =
 (z(e))

At that point we can conclude that ¢; () and & (x) are continuous functions. As the consumption
path writes Z (¢, e) = min {max {¢(e),e(t)R} , ¢a(e )} this one is also a continuous function in both ¢ and

e and the same holds for the consumer welfare W (e fo ) dt.

(iii) The welfare function W (e)

Now we calculate the gradient of W (e). We begin by studying this gradient in each of the three cases
and verify, in a final step, that this one is globally continuous. The notation, particularly concerning
switching times, is the same as in Appendix F. We omit the arguments of the various functions in order
to lighten the notation.

Case (a) : Without storage

In this case W*° = (T T4+1- TQC‘) u(é*) + f ‘ R) dt. Taking the derivative with respect to D,
we get the following.

dpWe = (8DT{‘ - aDT;) w(@@) + (Tf vl T;) W (E)0pee — OpTiu (z—:(Tf)R) + OpTeu (s(TQ)R)
= Ty + 1= T3) /(&)0p2; (since (T )R =& for i = 1,2)
=u/(¢}) (see dpc§ in Tab. 1) (G.10)
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Working now with R, we obtain:

3

W = (aRTf - aRT;) u(E?) + (Tf +1- Tg) o (E8)9Re® + /T d(EORE()dt
—ORT{u(e(T1')R) + OpT5u/ (e(T5 ) R)
— (1 + T — T;) u' (¢5)Ore} + /T T u'(e(t)R)e(t)dt (since e(T{)R = e(T¢)R = &)
To 1 Ty
e ( /0 c(t)dt + /T 5(t)dt> + /T RO (see 9pet i Tab. 1)
= /01 o' (max {2, e(t)R}) e(t)dt (G.11)

Finally, by construction, dsW% = 0.
Case (b) : With non binding storage

In this case Wb = (le +1- TQI’) u (&) +(T) - T u (Eg)—f—fg u (e(t)R) dt—l—fg u (e(t)R) dt. Taking
1 4

the derivative with respect to D, we get the following.

ooW* = (9pT} — 0pT) u (&) + (T +1 - T) ' (&) 0n& + (90T} — 0oTP) u (&)
+ (1} = T) ' (@) Opdh — OpThu («(TH)R) + OpThu (=(TH)R)
—opThu (E(T4)R) +9pThu (E(Tg)R) (G.12)
Now remark, by construction, that e(T?)R = & for i = 1,2 and e(T?)R = & for i = 3,4. It follows that:
opW' = (TP 4+ 1= 1) ' (&%) 0pc; + (T2 T§) ' (&)

— =b
(T041-T8)w (@) +(18-13) T (@) )

=u (& — ——— ) (see Dpdl, Opdl in Tab. 2)
(4 -T8)u @)+ (G ) (Tp=Thw @)
u’ Eb _
=/ (&) (since u/gé;; =Z) (G.13)

Taking the derivative with respect to D, we get the following.

OrW® = (0T} — 0T} ) u (@) + (T0 +1 - T ) o' (&) Onc; + (9rT% — OpT2) u ()
T3

+ (T = T2/ (&) Orél + / u (e()R) £(t)dt — OpThu (E(Tf)R)
7P 1

+ORTbu (E(T;;)R) + /T ()R e(t)dt — OpTu (a(Tf)R) + OpTu (E(sz)R) (G.14)
4
As e(TP)R =& for i = 1,2 and £(T?)R = & for i = 3,4, we obtain the following:

0xW" = (T4 1~ T3) ' (&4) Ot + (T} — TL) uf (&) On

=A
+ /T T o (e()R) e(t)dt + /T T o (=(t)R) e(t)dt (G.15)
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[eH}

v
w(

b -
If we now use the results of Tab.2 and the fact that ig = 7+, A becomes:
1

[eX}

Tu (Cl)(T4 Tb)

<f0 t)dt+f1b s(t)d+a+ f t)dt ( (@) (TP +1— Tb)+
A=

(1+Tb Tb u”(02)+( > (Tb Tb)u”(ch)

:</Oflb()dt+/ t)dt + I+ / ) (&)

:/OTl u’ (éﬁ)e(t)dt+/l u’ (aﬁ)s(t)d+[T4 u' () e(t)dt (G.16)

TP Ty
We can therefore say that:

ot = [t @ettar [ ar@yena [T @) o
0

73

+/ " (s(t)R)s(t)dt—&—/ " (e(O)R) e(t)dt

Ty Ty
1
= / ' (min {max {&,e(t)R} ,&}) e(t)dt (since & < &) (G.17)
0

Finally, by construction, sW? = 0.
Case (c) : With binding storage
Like in the previous case W¢ = (Tf +1-— Tf) u(¢H)+H(Ty — TS u (é§)+ﬂ§ u(e(t)R) dt+f~ch u (e(t)R) dt.
1 4
So if we take the derivative with respect to D, we obtain the same result as in Eq.(G.13). The same
simplifications apply since e(TF)R = & for i = 1,2 and e(Tf)R = & for i = 3,4. But 0pc§ and dpc§ are
now taken from Tab. 3. It follows that:

opWe = (Tf 4+ 1= T5) ' (&) 0 + (Tf — T§) o/ (65) O = o' (&5) (G18)

If we now move to the derivative with respect to R, the same simplifications apply as in Eq.(G.15) and
we get:

DRW® = (Tl t1- T2) ! (&) OReE + (TS — TS) ' (5) Opés

+/~T§ u (e(t)R) e(t)dt + /Tg u (e(t)R) e(t)dt (G.19)

c c
1

By using now the results of Tab. 3, we observe that:

aﬂW=A1Mﬁﬁ@ﬁ+/wﬂﬁk®ﬂ+éjw@ﬁ@ﬁ

c
2

c c

+ / ® o COR) () + / B COR) ()t

1
= / u' (min {max {&,e(t)R},&}) e(t)dt (since & < &) (G.20)

0
Finally, if we move to the derivative with respect to S, we obtain by apply the same simplifications that:

dsWe = (Tf +1- TQ) W' (&) 9 + (TS — TS) u' (5) DsS (G.21)
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Using again Tab. 3, we can say that:

OsW® = o~u/ (&) — o u/ (&) =/ (&) 0" (g; - “'@) (G.22)

Pooling together these results
By Egs.(G.10), (G.13) and (G.18), 0pV = u' (&1). Moreover by our extension of ¢ to case (a), we

can say by Eqs.(G.11), (G.17) and (G.20) that OpW = fo (min {max {¢1,e(t)R}, é2}) e(t)dt. By Egs.

(22), (32) and (40), we know that in case (a) I+ < uu(/?;’l)%)’ in case (b) & = Z:EZ%% and in case (c)
(é2

T > Z'é%;' We can therefore say that 9sW = max {u (¢1)o™ (U; - m) 0}. Finally, we know

that ¢; and ¢o are continuous functions, meaning that the gradient of W is also continuous.

Appendix H. Proof of Proposition 5

The proofs of point (i) and (iii) directly follow from our discussion while, for point (ii), it remains to
show that ¢"*(e) < ¢;(e) and that Eq.(52) holds.
(i) €**(e) < éi(e)

Let us first recall the definition of ¢"*(e). We consider an energy mix e € £ U £¢ and assume that
storage is forbidden. This consumption plateau therefore solves ¢1(c) = fol max {c¢ — e(t)R,0} dt —D = 0.
From our previous results in (i) of Appendix C and the fact that lim._,q ¢1(c) = —D, we can conclude
that ¢"*(e) is well-defined for each e € £ U £°.

Now let us recall, respectively, from (i) of Appendix D and Appendix E that ¢ (e) either solves
b2(c) = 61() — 0~ (9(f()) +5) = 0 or da(c) = p(c) — =S = 0. Now observe that gs(c"(c)) =
—o~ (p(f(c"(e)))+S) < 0 and ¢3(c"*(e)) = —0~S < 0. As both ¢(c) and ¢3(c) are increasing in c,
we can conclude that Ve € 2 U £, ¢"*(e) < & (e).

(ii) The construction of Eq.(52)

As usually, let us first introduce the following switching times 77**(e) = 1 (J—R(e)), i = 1,2,

Ti(e) = e (51—1(;)), i = 1,2 and TP(e) = e~ * (52—1(;)), i = 3,4. From (i) and since we know that

¢é1(e) < é(e), we have that, 7 (e) < Ti(e) < T(e) < Ty(e) < To(e) < T3*(e).
Let us now move to the computation of Eq.(52). By neglecting e in the later notation, we know, by
Eq.(50), that:

1

1 TP TP
AW (o) /O =()dt + /0 o () ()t + / o (£(8)R) e()dt + / o () e(t)dt

ns ns
1 2

— () / ® i+ / B COR) ()t (H.1)

ns
1

and

T1 T3

1 Tl T3 T4
AW _ i (3) /O c(t)dt + /O o (@) e()dt + / o (2R e(t)dt + / o (6) e(t)dt
+ / P C(OR) e+ / L (@) ety

T4 T2

— (@) / S ()t + / "W (e(8)R) £(t)dt + / " (@) e(t)dt + / W ((8)R) £(t)dt (H.2)

Th Ts
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By computing the difference, we get after reorganization and simplification that:

AR~ Am = / (W (EOR) = () e(t)dt + (&) o (") /T e(t)dt
+ /T T W (c(OR) — (")) (t)dt + /T (4(1/ ((O)R) — ' (&) e()dt  (EL3)

By grouping together the three first terms (recall that ¢™* < ¢; and using the definition of ¢35, we finally
get that:

1
ap AW = /O (v (max {min {&1,e(t)R}, "™ }) — u/ (™)) e(t)dt

+ / (v (max {&2, () RY) — o’ (&) (t)dt (HA4)
0

Appendix I. The representative agent assumption

Consider the following optimization problem:

U(X)= max Zul s.t. Zml— (I.1)

(17)1 1_

Assume that Vi, ui(xz) > 0, u;”(x) > 0, lim,_,o u;(x) = +oo and lim,_, . ui(z) = 0 and let us show
that U(X) has the same properties. If A denotes the Lagrangian multiplier, the first order necessary and
sufficient optimality conditions are given by Vi = 1,...,n, uj(z;) = A and ) -, ; = X. By solving this
set of equations, we construct (z;(X))?_; and A(X). It follows that:

= Dk (X)) 21(X) = M) Y al(X) = AX) > 0 (12)

since Y1, 2;(X) = X and so >, z}(X) = 1. Moreover, if we differentiate the first order conditions,
we get:
Vi=1,...,n, u,(z;)dz; =d\
{ S de; = dX (I3)

-1
- dx; __ 1 n
VZ—l,...,TL, d§< _7W ,L(l‘l) (Zi:l u;(lrl)) >0
&= (Cligty) <0

It follows that U”(X) = XN (X) < 0. It remains to verify the Inada conditions. First suppose that
X — 0, then, by the constraint, Vi, x; — 0. As lim,_,o u}(z) = +oo, the first order conditions say that
A — 400 and Eq.(I.2) leads to limx_,o U'(X) = +00. Now, suppose that X — 400 then at least of one
i, T; = +00. As lim, 4o ui(x) = 0, then, with the same argument, A — 0 and limx_, ;. U'(X) = 0.

& (1.4)
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