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1 Introduction

Building on multisector growth models derived from the benchmark for-

mulation of Uzawa [24], a recent literature has been trying to reconcile the

standard concept of balanced growth with both Kaldor [16] and Kuznets

[18] facts. Kaldor facts state basically that growth rates, the capital-output

ratio, the share of capital income in GDP and the real interest rate are con-

stant. Kuznets facts state basically that there are both structural change due

to strong reallocations of labor across sectors, and variations in the relative

importance of these sectors.

The literature essentially gives two main explanations for the existence

of structural transformations:

i) income effects derived from a specific form of utility functions. This

demand-side mechanism is based on the fact that the income effect dif-

fers among consumption goods, while the relative prices of all goods are

constant (see for instance Alonso-Carrera and Raurich [3], Boppart [8],

Buera and Kaboski [9, 10], Echevarria [13], Foellmi and Zweimuleler [14]

or Kongsamut et al. [17]);

ii) relative price effects of consumption or intermediary goods. This is

a supply-side mechanism which relies on relative price variations coming

from differences in sectoral growth rates of productivity and/or sectoral

differences in the degree of capital-labor substitutability (see for instance

Acemoglu and Guerrieri [1], Alvarez-Cuadrado et al. [4], Caselli and Cole-

man [12] or Ngai and Pissarides [22]).1

Two types of models are actually found in this literature. There are

models that accept structural change along the long-run equilibrium al-

though this still keep its Kaldor characteristics. Others are characterized by

equilibria that asymptotically possess Kaldor properties with no structural

change but require that structural change occurs along the transition path

to the long-run equilibium, and that this transition does not occur in finite

time. However, a common property of all these papers is that they rely on

exogenous growth arguments with exogenous formulations of technologi-

1For additional references, see the excellent survey of Herrendorf et al. [15].
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cal progress.

Our strategy in this paper is to provide a simple and standard endoge-

nous growth model compatible with structural change that is based on Lu-

cas’ [19] human capital accumulation.2 As in Acemoglu and Guerrieri [1],

we focus on a mechanism relying on relative price effects in which the po-

tential effect of growth on structural transformations results from differen-

tial productivity growth across sectors.3 Acemoglu and Guerreri [1] revis-

ited Baumol’s cost disease argument. There are two intermediate sectors

and these are complements.4 The capital-intensive sector grows faster than

the less capital-intensive sector when capital deepens, and there is high

sector-specific growth. The relative price of the less capital-intensive sector

good will rise because the ”productivity” growth is lower. This will be the

dominating force for the increase in the value-added share. More and more

resources will be shifted into the less capital-intensive sector because the

two goods are complements, which makes up for the productivity growth

differential. However, since the two goods are not perfect complements,

the economy will want to consume more of the high productivity sector

good as it becomes relatively cheap. Thus, the relative real quantities will

move in the opposite direction from the value-added share.

In this paper, we use the same structure but with three important dis-

tinctions:

- Instead of considering two intermediary sectors with different exoge-

nous rates of technological progress, we assume that the first sector, called

“knowledge-intensive”, needs technological knowledge which is endoge-

nously accumulated, while the second sector does not.

- The final good is produced through a Cobb-Douglas technology with

a unitary elasticity of substitution between the two sectors. This eliminates

2We follow Lucas’ [19] interpretation of Romer’s [23] technological knowledge. Using

a Lucas-type two-sector endogenous growth model, Alonso-Carrera and Raurich [2] also

analyze the sectoral composition of GDP but with a balanced growth rate common to both

sectors.
3See also the seminal contribution of Baumol [8].
4Alvarez-Cuadrado et al. [4] extend the oAcemoglu and Guerrieri [1] formulation, con-

sidering that each intermediate good is produced through a CES technology.
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the price effect, i.e., the change in the price of one factor does not affect

the demand for the other factor, and consequently does not affect Baumol’s

cost disease either.

- We consider many agents who are homogeneous with respect to their

preferences but heterogeneous with respect to their behavior depending

on the sector in which they work. While the share of capital and the share

of working hours is constant on all equilibrium paths due to the Cobb-

Douglas formulation, the number of workers in each sector might vary

along the transition path.

Structural change is still generated by differential growth, which is the

outcome of knowledge accumulation in one of the intermediate sectors.

Agents working in the “knowledge-intensive” sector need to accumulate

technological knowledge and thus have to decide how to allocate their in-

dividual unit of time between accumulation of technological knowledge

(research) and work. We assume, as in Lucas [19] and Romer [23], that the

equation governing knowledge accumulation is linear. By contrast, agents

working in the second sector do not need to accumulate knowledge and

therefore devote all their individual unit of time to work. While the total

population is growing at an exogenously given rate, the number of agents

working in each sector is endogenously determined over time.

Aggregate knowledge leads to an unbounded increase in TFP in the

knowledge-intensive sector, and thus to endogenous capital deepening.

It is an externality to the firm, and we consider the planner’s solution in

which this externality is internalized. The model sheds light on the forces

of structural change among sectors characterized by heterogeneous knowl-

edge accumulation and different degrees of knowledge-intensity. It also

points to the socially optimal government intervention. The asymmetry in

the growth rates of TFP leads to non-balanced growth, and this mechanism

does not rely on capital intensities. Moreover, even though the production

function of the final good is Cobb-Douglas, labor (number of workers) re-

allocations across sectors occur, leading to a greater increase in the output

of the knowledge-intensive sector.

Our main results are the following. There exists a unique set of con-
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stant non-trivial endogenous non-balanced growth paths. The presence

of technological knowledge ensures that output growth is larger within

the “knowledge-intensive” sector, and thus that its real share is increasing

while the share of the second sector is decreasing. However, both nominal

shares are constant. These are BGP properties that do not need to hold on

the transition. Structural change is therefore consistent with Kaldor [16]

stylized facts, in particular the constant interest rate and share of capital

income in national income.

After detrending all the variables by their respective endogenous non-

balanced growth rates, we prove that there exists a manifold of steady

states parameterized by the initial value of the price of knowledge. Al-

though each of these steady states is saddle-point stable and associated

with a set of unique non-balanced growth rates, depending on the ini-

tial value of capital and knowledge, the economy will follow a particu-

lar growth path converging to a particular level of wealth. As a conse-

quence, countries with the same fundamentals but lower initial wealth will

be characterized by lower asymptotic wealth. Contrary to Acemoglu and

Guerrieri [1] but like Lucas [19], we therefore prove the existence of non-

convergence across countries in a framework with structural change.

We also provide a numerical illustration to characterize the transitional

dynamics of the main variables. We show that the economy takes ap-

proximately 50 years to reach the asymptotic equilibrium, during which

there are significant reallocations of capital and labor into the knowledge-

intensive sector. Knowledge adjustments thus generate quite fast structural

change, actually faster than under the mechanism explored by Acemoglu

and Guerrieri [1]. While there is non-balanced growth at the sectoral level,

even along the transition path the share of capital income in GDP is con-

stant. Finally, along the transition path the speed of convergence is decreas-

ing for all economic variables and their speeds are comparable, even that

of the interest rate.

The rest of the paper is organized as follows. Section 2 presents the

model. Section 3 characterizes the intertemporal equilibrium. Section

4 shows that our model generates non-balanced growth and structural
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change consistent with Kaldor facts. Section 5 establishes the existence of

a manifold of steady states of the stationarized dynamical system and pro-

vides a local stability analysis. Section 6 contains our numerical illustration.

Section 7 presents conclusions and the Appendix contains all the proofs.

2 The model

We consider an economy in which at each time t there is a continuum

[0, N(t)] of infinitely-lived agents characterized by homogeneous prefer-

ences. We assume a standard formulation for the utility function which is

compatible with endogenous growth such that

u(ci(t)) =
∫ +∞

0

ci(t)
1−θ

1 − θ
e−ρtdt (1)

where ci(t) is consumption of agents of type i ∈ [0, N(t)] at time t, θ > 0

is the inverse of the elasticity of intertemporal substitution in consumption

and ρ > 0 is the discount factor. We assume that the total population grows

at the constant exponential rate n ∈ [0, ρ), so that N(t) = ent N(0). Agents

are heterogeneous only with respect to the sector in which they work. As

explained below, this difference arises from different decisions on the allo-

cation of labor time.

Our economy consists of two sectors, with three factors of production,

capital, K(t), labor, L(t), and individual technological knowledge, a(t). In

line with Lucas (1988), we interpret a(t) as the outcome of an individual’s

choice. Final output, Y(t), is an aggregate of the output of two intermediate

sectors, Y1(t) a “knowledge-intensive sector”, and Y2(t). The numbers of

workers N1(t) and N2(t) in these two sectors, together with their respective

growth rates Ṅ1(t)/N1(t) = gN1
(t) and Ṅ2(t)/N2(t) = gN2

(t), are endoge-

nously determined at the equilibrium.

Agents working in the “knowledge-intensive sector” devote a fraction

u(t) ∈ (0, 1) of their unit of time to production. Total labor in this sector is

L1(t) = u(t)N1(t). The rest of time 1 − u(t) is devoted to the accumulation

of individual technological knowledge a(t). Here, L1(t) denotes the total

number of hours worked in the “knowledge-intensive sector” and differs
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from the number N1(t) of workers. Similarly to how Lucas (1988) treats

newborns, in our model each agent entering the knowledge-intensive sec-

tor at any time t0 acquires the available knowledge a(t0). We assume that

ȧ(t) = z[1 − u(t)]a(t) − ηa(t) (2)

with z > 0 and η > 0 the depreciation rate of knowledge. By contrast,

agents working in the second sector will spend all their unit of time work-

ing so that total labor in this sector is L2(t) = N2(t). Contrary to the

“knowledge-intensive sector”, in this sector the number of hours worked

is identical to the number of workers, since the total individual available

working time is normalized to one.

The final good is produced through a Cobb-Douglas technology such

that
Y(t) = Y1(t)

γY2(t)1−γ (3)

with γ ∈ (0, 1). Sector 1 produces the knowledge-intensive intermedi-

ate good using capital, labor and knowledge through the following Cobb-

Douglas technology:

Y1(t) = [L1(t)a(t)]
αK1(t)

1−α (4)

with α ∈ (0, 1). The product L1(t)a(t) = u(t)N1(t)a(t) then represents total

efficient labor5. Note that, considering capital and labor (hours worked) as

inputs, the total factor productivity (TFP) is given by a(t)α. Sector 2 pro-

duces the second intermediate good using only capital and labor through

the following Cobb-Douglas technology:

Y2(t) = L2(t)βK2(t)1−β (5)

with L2(t) = N2(t) and β ∈ (0, 1). Contrary to the “knowledge-intensive”

sector, the second sector has a constant TFP.

Denoting total capital by K(t) and total labor by L(t), capital and la-

bor market clearing require at each date K(t) ≥ K1(t) + K2(t) and L(t) ≥

L1(t) + L2(t) = N1(t)u(t) + N2(t). The capital accumulation equation is

standard

5As in Lucas (1988), we define each worker’s output according to (u(t)a(t))α k(t)1−α

where k(t) = K1(t)/N1(t).

6



K̇(t) = Y(t)− δK(t)− N1(t)c1(t)− N2(t)c2(t) (6)

where δ > 0 is the depreciation rate of capital.

3 Planner solution and intertemporal equilibrium

In the model, as in Lucas (1988), the welfare theorems hold and the in-

tertemporal competitive equilibrium can be found via the planner’s prob-

lem6. Assume that the planner has Benthamite objective function and con-

sider the following intertemporal optimization problem

max
{ci(t),Ki(t),Li(t)}i=1,2,u(t),A(t)

∫ +∞

0

(

N1(t)
c1(t)

1−θ

1 − θ
+ N2(t)

c2(t)1−θ

1 − θ

)

e−ρtdt

s.t. (2), (3), (4), (5), (6) and

K(t) ≥ K1(t) + K2(t)

L(t) ≥ L1(t) + L2(t) = N1(t)u(t) + N2(t)

K(0), a(0), N(0) given

(7)

The Hamiltonian in current value is (we omit subscript for t to simplify

notations):

H = N1
c1−θ

1

1 − θ
+ N2

c1−θ
2

1 − θ
+ P1

[

(L1a)αK1−α
1 − Y1

]

+ P2

[

L
β
2 K

1−β
2 −Y2

]

+ P

[

Y
γ
1 Y

1−γ
2 − δK − N1c1 − N2c2

]

+ Q
[

z(1 − u)− η
]

a

+ λ [K − K1 − K2] + µ[L − L1 − L2]

with L1 = uN1 and where the value of increments in aggregate capital

is given by the “price” P. Similarly, the price of the knowledge-intensive

good is P1, the price of the second good is P2, the price of knowledge is Q

and λ and µ are the Lagrange multipliers associated with the capital and

labor market clearing conditions. The first-order conditions with respect to

the control variables c1, c2, u, L1, L2, K1, K2, Y1 and Y2 give:

6The economic interpretation of competitive equilibrium is as in Lucas (1988)

7



c−θ
i = P for any i = 1, 2 (8)

P1α
Y1

L1a
N1 = Qz (9)

P1 = Pγ
Y

Y1
(10)

P2 = P(1 − γ)
Y

Y2
(11)

λ = P1(1 − α)
Y1

K1
= P2(1 − β)

Y2

K2
(12)

µ = P1α
Y1

L1
= P2β

Y2

L2
(13)

Substituting (10) and (11) into (12) and (13) gives

γ(1 − α)
Y

K1
= (1 − γ)(1 − β)

Y

K2
(14)

γα
Y

L1
= (1 − γ)β

Y

L2
(15)

Despite the fact that agents work in different sectors, they all consume the

same amount since c1(t) = c2(t) = P−1/θ for any t ≥ 0. This result can

easily be explained. In the “knowledge-intensive sector”, the rental rate of

capital r1 and the individual wage rate w1 are given by

r1 = (1 − α) Y1
K1

, w1 = α Y1
N1ua

(16)

while in the second sector, r2 and w2 are given by

r2 = (1 − β) Y2
K2

, w2 = β Y2
N2

(17)

Note first that substituting (10) and (11) into (16) and (17) allows (15) to be

written as follows
w1(t)a(t)P1(t) = w2(t)P2(t)

which gives the equality between nominal wages per hour devoted to pro-

duction in the relevant sector. Similarly (14) is equivalent to

r1(t)P1(t) = r2(t)P2(t) (18)

which gives the equality between the capital return in the two sectors.

These two properties imply, as expected, that all agents, no matter which
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sector they work in, will have the same labor and capital income at the

equilibrium and will thus be able to have the same intertemporal profile of

consumption.

We also derive from the first-order conditions:

Proposition 1. Solving the first-order conditions (10)-(11) and (14)-(15) gives

the optimal demand functions for capital and labor

K1(t) = γ(1−α)K(t)
γ(1−α)+(1−γ)(1−β) ≡ A1K(t), L1(t) =

γαL(t)
γα+(1−γ)β

≡ B1L(t)

K2(t) = (1−γ)(1−β)K(t)
γ(1−α)+(1−γ)(1−β)

≡ A2K(t), L2(t) =
(1−γ)βL(t)
γα+(1−γ)β

≡ B2L(t)
(19)

Moreover, there exists a function υ : R
5 → such that

u(t) = υ (K(t), a(t), P(t), Q(t), N(t)) (20)

with
∂υ

∂K(t) > 0, ∂υ
∂a(t) < 0 (21)

and we derive

N1(t) = B1N(t)
u(t)+B1(1−u(t))

, N2(t) =
u(t)(1−B1)N(t)

u(t)+B1(1−u(t))

L(t) = u(t)N(t)
u(t)+B1(1−u(t))

≡ ℓ (K(t), a(t), P(t), Q(t), N(t)) N(t)
(22)

together with the optimal production levels

Y1(t) = D1K(t)1−αa(t)α [ℓ (K(t), a(t), P(t), Q(t), N(t)) N(t)]α

Y2(t) = D2K(t)1−β [ℓ (K(t), a(t), P(t), Q(t), N(t)) N(t)]β

Y(t) = DK(t)1−γα−(1−γ)βa(t)γα [ℓ (K(t), a(t), P(t), Q(t), N(t)) N(t)]γα+(1−γ)β

with
D1 = A1−α

1 Bα
1 , D2 = A

1−β
2 B

β
2 , D = D

γ
1 D

1−γ
2

Proof. See Appendix 8.1.

Contrary to Acemoglu and Guerrieri [1], our use of a Cobb-Douglas

technology for the final good sector implies from equations (19) that there

are no capital or labor (hours worked) reallocations across sectors along

the equilibrium path. However, as shown by equations (22), there are

reallocations of workers across sectors. In fact, equations (20)-(21) show
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that, for a given level of knowledge, an increase in aggregate capital en-

tails an increase in the time u(t) allocated to production in the knowledge-

intensive sector. Similarly, for a given level of aggregate capital, an increase

in knowledge entails a decrease in the time u(t) allocated to production in

the knowledge-intensive sector. As a result, along an equilibrium path, the

ratio N2(t)/N1(t) evolves in the same direction as u(t).

In particular, in the event that N2(t) decreases, as previously noted, the

agents that migrate from the second sector to the knowledge-intensive sec-

tor inherit the available individual stock of knowledge. Moreover, as in

standard multisector models with sectors that differ in their capital and

labor shares, the sector with the larger capital share has the larger capital-

labor ratio. For instance, K1/L1 > K2/L2 if and only if β > α.

It is worth noting here that the equilibrium rental rate of capital R(t)

can be derived from the expression of Y(t) as given in Proposition 1:

R(t) = ∂Y(t)
∂K(t)

= [1 − γα − (1 − γ)β]Y(t)
K(t)

= P1(t)r1(t)
P(t)

= P2(t)r2(t)
P(t)

(23)

From the Hamiltonian, we also derive the optimality conditions that

provide differential equations for the prices P and Q of aggregate capital

and knowledge:

Ṗ = ρP −
∂H

∂K
= −P1(1 − α)

Y1

K1
+ P(δ + ρ) (24)

Q̇ = ρQ −
∂H

∂a
= −Q(z − η − ρ) + Qzu − P1α

Y1

a
(25)

Substituting equation (10) into (24) and using (23) then gives

Ṗ = −P

[

[1 − γα − (1 − γ)β]
Y

K
− δ − ρ

]

= −P [R − δ − ρ] (26)

Note now that using L1 = uN1, equation (9) becomes P1αY1/(ua) = Qz.

Substituting this expression into (25) gives

Q̇ = −Q(z − η − ρ) (27)

Moreover, since c1(t) = c2(t) = P− 1
θ , we get aggregate consumption as

C1 + C2 = N1c1 + N2c2 = NP− 1
θ

Finally, using all these results together with Proposition 1, we obtain the

following differential equations for prices and stocks:
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Ṗ

P
= − [R(K, a, P, Q, N)− δ − ρ] (28)

Q̇

Q
= −(z − η − ρ) (29)

K̇

K
=

Y(K, a, P, Q, N)

K
− δ −

NP− 1
θ

K
(30)

ȧ

a
= z [1 − υ(K, a, P, Q, N)]− η (31)

It follows that any path {K(t), a(t), P(t), Q(t)}t≥0 that satisfies the con-

ditions (19)-(31) together with the transversality conditions

lim
t→+∞

P(t)K(t)e−ρt = 0 and lim
t→+∞

Q(t)a(t)e−ρt = 0 (32)

for any given initial conditions (K(0), a(0)) is an optimal solution of prob-

lem (7) and therefore an intertemporal equilibrium.

So far we have interpreted knowledge accumulation along the lines of

Lucas (1988), see footnote 4. Another interpretation of the model is as fol-

lows. Knowledge now becomes an aggregated variable, a public good used

by the firms in the high-tech sector. Since there is no private incentive to

invest in a(t), the regulator has to step in. The government manages the

production of a(t) by imposing lump-sum taxes on consumers and use the

revenue to hire workers from the high-tech sector). As the two other sectors

(low- and high-tech) are perfectly competitive, the wage per hour needs to

be identical across sectors. Note that the tax revenue used to buy efforts

from consumers working in the high-tech industry might involve a time

dependent tax system.

4 Non-balanced growth paths

We now provide the existence result and characterize the non-balanced

growth paths along which the variables P, Q, K, a grow at constant rates.

Note that this implies that C, Y, Ci, Ki and Yi also grow at constant rates.

We introduce the following notation valid along the non-balanced growth

path, denoted NBGP, which highlights the fact that the growth rates of the

various variables can differ:
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gC =
Ċ

C
, gY =

Ẏ

Y
, gK =

K̇

K
, gYi

=
Ẏi

Yi
,

gKi
=

K̇i

Ki
, gci

=
ċi

ci
, ga =

ȧ

a
, gP =

Ṗ

P
, gQ =

Q̇

Q

for i = 1, 2. Along an NBGP we have K(t) = kegK t, a(t) = xegat, Q(t) =

qegQ t and P(t) = pegPt. Therefore an NBGP is an 8-tuple in R
8

We also introduce the following restrictions which guarantee positive-

ness of growth rates and interiority of the share u of time devoted to work

by agents in the knowledge-intensive sector:

Assumption 1. z > η + ρ − n and θ > 1 − (ρ − n) γα+(1−γ)β
γα(z−η)

.

From the first-order conditions (8)-(15), Proposition 1 and the differential

equations (28)-(31) we derive:

Theorem 1. Let Assumption 1 hold. The set of non-balanced growth paths NBGR

is non-empty. The growth rates are constant across this set and given by:

gY = gK = gK2
= gK1

= gC = n + gc1
= n + gc2 = n − gP

θ = γα(z−η+n−ρ)
θγα+(1−γ)β

+ n

ga = [γα+(1−γ)β](z−η+n−ρ)
θγα+(1−γ)β

gN1
= gN2

= n

gY1
= α[γ+(1−γ)β](z−η+n−ρ)

θγα+(1−γ)β
+ n

gY2
= γα(1−β)(z−η+n−ρ)

θγα+(1−γ)β
+ n

gQ = −(z − η − ρ)

Moreover, the time devoted to production in the knowledge-intensive sector and

the rental rate of capital are both constant:

u∗ = z−η−ga

z = 1
z

[

(z−η)γα(θ−1)+(ρ−n)[γα+(1−γ)β]
θγα+(1−γ)β

]

∈ (0, 1) (33)

and

R∗ = δ + ρ − gP = δ + ρ − θ(n − gK) (34)

Proof. See Appendix 8.2.

As we will see later each, element of the set of NBGP corresponds to a

different initial condition. Although all of these NBGP differ in the level
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of their economic variables, their growth rates are the same. We can also

derive a number of important implications from Proposition 1 and Theo-

rem 1. First, along the NBGP, workforces N1 and N2 in the two sectors are

growing at the same rate n as total population N, and the ratio L1/L2 is

constant. Second, gY1
> gY > gY2

and the growth rate of output gY is a

convex combination of the growth rates in the dominant and dominated

intermediate sectors

gY = γgY1
+ (1 − γ) gY2

The latter is a consequence of the fact that the ratios K1/K2, L1/L2 and

N1/N2 are constant, which is a consequence of the Cobb-Douglas technol-

ogy in the final good sector. Although the knowledge-intensive sector is

asymptotically dominant in output, the amount of inputs used are not van-

ishing and workforce does not shrink.

To conclude, we show that the properties of the NBGP agree with

Kaldor facts, obtaiing the following characterization:

Corollary 1. The non-balanced growth path has the following properties:

1. There is capital deepening, i.e. the ratio K/L is increasing.

2. The growth rate of real GDP, or Y, is constant.

3. The capital-output ratio K/Y is constant.

4. The nominal share of capital income in GDP is constant and equal to sK =

1 − γα − (1 − γ)β.

5. The real interest rate R is constant.

6. The relative prices P1/P and P2/P are respectively decreasing and increas-

ing. As a result, P2/P1 is increasing.

7. The real shares in GDP of the knowledge-intensive sector and of the dom-

inated sector, Y1/Y and Y2/Y, are respectively increasing and decreasing

while the nominal shares, P1Y1/PY and P2Y2/PY, are constant.

Proof. See Appendix 8.3.
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The mechanism at work in the economy can be described as follows.

The accumulation of individual knowledge in the knowledge-intensive

sector is used as labor-augmenting technological progress. Knowledge ac-

cumulation thus leads to an unbounded increase in TFP in the knowledge-

intensive sector and to capital deepening. The relative price of the

knowledge-intensive good decreases because of knowledge accumulation

and TFP growth, while the relative price of the less knowledge-intensive

good increases. The change in relative prices is associated with changes

in the demand for both intermediate goods by the final sector. This mech-

anism endogenously determines the growth rates of the two sectors such

that the growth rate of real GDP remains constant and is a convex combi-

nation of the growth rates in the two intermediate sectors. Note that this

growth rate heterogeneity does not rely on differences in capital intensity

across sectors, on a non-unitary elasticity of substitution between the two

sectors, or on the existence of exogenous technological progress.

It is interesting to compare the results obtained so far with those of Ace-

moglu and Guerrieri [1]. In their case, non-balanced growth is due to cap-

ital deepening driven by the growth of exogenous technological progress

in the intermediate sectors, together with differences in capital intensities.

When the elasticity of substitution between the two sectors is below one,

an increase in the capital-labor ratio (i.e., capital deepening) raises out-

put more in the sector with greater capital intensity. Along the NBGP, the

growth rate of GDP is equal to the growth rate of the dominant intermedi-

ate sector. In their model, exogenous technological progress is a necessary

condition for the existence of non-balanced growth. Note that with an elas-

ticity of substitution between the two intermediate sectors of less than one,

capital and labor are allocated away from the sector that is less capital-

intensive. It follows that the capital-intensive sector becomes dominant

and the labor intensive sector becomes asymptotically vanishing.

Our model, like that of Acemoglu and Guerrieri, describes an economy

featuring non-balanced growth at the sectoral level, i.e., unequal growth

between the two sectors, and aggregate growth consistent with Kaldor

facts. In Acemoglu and Guerrieri, along the NBGP one of the sectors has
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already become (vanishingly) small relative to the other. Contrastingly, in

the model considered here employment levels are constant along the NBGP

even though the real shares of the two sectors are not constant and the

growth rates of the two sectors differ. The challenge we face could be con-

sidered the reverse of that faced by Acemoglu and Guerrieri. The employ-

ment level, rather than being trivial, is here strictly positive but constant.

5 Local dynamics

As argued by Acemoglu and Guerrieri, the asymptotic properties of the

NBGP described in the previous section only provide a long-run necessary

condition. Yet interesting and empirically relevant properties also occur

along the transition path. We now aim to generate structural change along

the transition path in which both sectors retain nontrivial employment lev-

els. We can reformulate the dynamical system given by equations (28)-(31)

using the normalization of variables introduced by Caballe and Santos [11].

The stationarized NBGP is obtained by “removing” the NBGR trend from

the variables, namely: k(t) = K(t)e−gK t, x(t) = a(t)e−ga t, q(t) = Q(t)e−gQ t

and p(t) = P(t)e−gPt, for all t ≥ 0, with k(t), x(t), q(t) and p(t) the station-

arized values for K(t), a(t), Q(t) and P(t). As the price of knowledge Q

is characterized by a constant growth rate gQ, the solution of (29) is given

by Q(t) = Q(0)e−gQ t and its stationarized value is constant with q̇(t) = 0.

We then get q(t) = q(0) = q0 for all t ≥ 0. Recall that as the population is

growing at the exponential rate n, we have N(t) = entN(0) with N(0) = N0

given.

Substituting these stationarized variables into (28)-(31), we obtain an

equivalent stationarized system of differential equations that characterizes

the equilibrium path.

Lemma 1. Let Assumption 1 hold and N0 be given. Along a stationarized equilib-

rium path and for any given q0, knowledge a, capital k and its price p are solutions

of the following dynamical system
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ṗ
p = −

[

Fk−γα−(1−γ)βxγαℓ (k, x, p, q0, N0)
γα+(1−γ)β + gP − δ − ρ

]

k̇
k = Ek−γα−(1−γ)βxγαℓ (k, x, p, q0, N0)

γα+(1−γ)β − gK − δ − N0 p−
1
θ

k

·
x
x = z [1 − υ(k, x, p, q0, N0)]− ga − η

(35)

with E = DN
γα+(1−γ)β
0 and F = [1 − γα − (1 − γ)β]E.

Proof. See Appendix 8.4.

The transversality conditions (32) become

lim
t→+∞

p(t)k(t)e−[ρ−gK−gP]t = 0 and lim
t→+∞

x(t)e−(ρ−ga−gQ)t = 0

Using the expressions of the growth rates gK, ga, gQ and gP given in The-

orem 1, we easily derive under Assumption 1 that zu∗ = z − ga − η =

ρ − gK − gP = ρ − ga − gQ > 0.

Considering the stationarized dynamical system given in Proposition 1,

we can now focus on proving the existence of a steady state solution, i.g.,

ṗ/p = k̇/k = ẋ/x = 0, and q̇(t) = 0 which obviously corresponds to the

NBGR exhibited in Theorem 1.

Theorem 2. Let Assumption 1 hold and N0 be given. The projection of the set of

NBGP on the subspace (k, x, p, q) is a one-dimensional manifold, noted M ⊂ R4

paramerterized by q0. Then for any given q0 > 0, there exists a unique steady

state (k∗(q0), x∗(q0), p∗(q0)), solution of the dynamical system (35). Moreover,

k∗
′
(q0) < 0, x∗

′
(q0) < 0 and p∗

′
(q0) > 0.

Proof. See Appendix 8.5.

Theorem 2 proves that there exists a one-dimensional manifold of

steady states for the capital stock k, technological knowledge x and the

price of capital p parameterized by the constant price of knowledge q0. It

is worth noting, however, that the asymptotic amount of time devoted to

production in the knowledge-intensive sector u∗ and the asymptotic rental

rate of capital R∗, as given respectively by (33) and (34), do not depend on

q0.
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The existence of a manifold of steady states in levels is fairly standard in

endogenous growth models (see for instance Lucas [19]) where the asymp-

totic equilibrium of the economy depends on some initial conditions. We

will show that there exists a set K containing the set M such that for ini-

tial values of physical capital k(0) and technological knowledge x(0) in K,

a value of q0 is “automatically” selected in order for the economy to leap

onto the optimal path (i.e., the stable manifold) and then converge to the

particular steady state (k∗(q0), x∗(q0), p∗(q0)) situated on the manifold M.

Note that for any given pair k(0), x(0)) ∈ K there exists a unique value of

the price of knowledge q0 compatible with the equilibrium conditions.

To prove such a result, we need to study the local stability properties of

the steady state. Linearizing the dynamical systems (35) around the steady

state (k∗(q0), x∗(q0), p∗(q0)) for a given q0 > 0, the local stability property

of (k∗(q0), x∗(q0), p∗(q0)) is appraised through the characteristic roots of

the associated Jacobian matrix. As shown by Martı́nez-Garcı́a [20] (see also

Bond, Wang and Yip [7] and Xie [25]), since we have two state variables, k

and a, and two forward variables, p and q, with q being constant, the stan-

dard saddle-point stability occurs if there exists a one-dimensional stable

manifold, i.e. if only one characteristic root is negative.

Lemma 2. Let Assumption 1 hold. Then for any given q0 > 0, the steady state

(k∗(q0), x∗(q0), p∗(q0)) is saddle-point stable.

Proof. See Appendix 8.6.

In the dynamical system (35), the predetermined variables are the cap-

ital stock and the level of individual knowledge. For given initial condi-

tions K(0) = k(0) = k0 and a(0) = x(0) = x0, we generically cannot find

a value of q0 such that (k0, x0) = (k∗(q0), x∗(q0)) and the economy is not

in the set of NBGP from the initial date. In other words, non-trivial tran-

sitional dynamics generically occurs starting from (k0, x0) 6= (k∗, x∗). The

initial values of the forward variables p(0) = p0 and q(0) = q0 are chosen

such that the one-dimensional stable optimal path converging toward an

NBGP is selected. As the stable manifold is one-dimensional, for any given

K(0) = k(0) = k0 and a(0) = x(0) = x0 there exists a unique pair (q0, p0)
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compatible with an equilibrium path.

The arguments supporting the truth of the previous statement are as

follows. The dynamical system has two state and two forward looking vari-

ables. The steady state is then a (k, x, p, q). There is a one-dimensional man-

ifold of steady states. Each of these is saddle-path stable and q is constant

on any equilibrium path. For each of these q there is a one-dimensional

stable manifold leading to the NBGP. When q spans the feasible set, this

describes a stable planar manifold. Generically there is a two-dimensional

plane in space of dimension four with a given (x(0), k(0)). The intersection

of the two planes in dimension four is a set of dimension zero, a point. So

for a given (x(0), k(0)) there is a unique (p(0), q(0)).

A striking property is that, although the steady state values

(k∗(q0), x∗(q0), p∗(q0)) depend on the selected q0, the eigenvalues do not. It

follows that the rate of convergence along any transitional path is the same,

regardless of the initial conditions and thus of the asymptotic value of the

steady state.

This property can be illustrated by the following Figure. From the ex-

pressions of x∗ and k∗ as given respectively by (55) and (56) in the proof of

Theorem 2 (Appendix 8.5), we get the following relationship as q0 varies:

k∗ = Kℓ
∗x

∗ γα
γα+(1−γ)β (36)

with K as defined in (51).

k∗(x∗)

x

k

Figure 1: Manifold of steady states.

All pairs (k∗, x∗) satisfying (36) correspond to a common asymptotic

18



NBGP but different optimal paths along the transition according to the ini-

tial condition (k0, x0). For a given pair (k0, x0), the optimal path will con-

verge toward an asymptotic position located on the curve k∗(x∗) as given

by (36) which depends on the initial position (k0, x0) that defines the ad-

missible initial value q0. The arrows in Figure 1 illustrate some possible

trajectories.

The following theorem sumarizes the results.

Theorem 3. Let Assumption 1 hold. There exists a set K containing the set M⊂

R
4 such that for initial values of physical capital k(0) and technological knowledge

x(0) in K, the economy converges to the steady state (k∗(q0), x∗(q0), p∗(q0))

situated on the manifold M, where the price of knowledge q0 and p0 are uniquely

determined and the optimal path converging to the NBGP is unique.

Proof. See Appendix 8.6.

The existence of a manifold of steady states, while standard in the en-

dogenous growth literature, is a fundamental difference with respect to

the results of Acemoglu and Guerrieri [1]. In the latter, as technological

progress is exogenous, the steady state is unique and countries with the

same fundamentals but different initial endowments of physical capital

and technological knowledge will all converge toward the same asymp-

totic level of wealth and the same asymptotic growth rate. By contrast,

in the present model, while all countries with the same fundamentals are

characterized by the same growth rate, they will follow different optimal

paths along the transition and be asymptotically characterized by different

wealth levels.

6 Transitional structural change

Having shown the existence of paths converging to the NBGP, we turn to

the properties of these paths. For a given pair (k0, x0) the optimal path will

converge toward an asymptotic position located on the manifold M. From

the property that the manifold is parameterized by q0 and that k∗
′
(q0) < 0,

x∗
′
(q0) < 0 in Theorem 2, we know that the set of NBGP is such that greater
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value of capital along the NBGP is associated with greater value of knowl-

edge (also seen in Fig. 1). However, analytical considerations prevent us

from determining the dynamics on the transition path. It seems likely that

an economy with initially low levels of physical capital and technological

knowledge will remain permanently behind an initially better-endowed

economy, as suggested by Fig. 1. In other words, q0 is decreasing when

k(0) and a(0) increase. Fig. 1 also indicates that if an economy starts out

with a combination of capital and knowledge above the NBGP knowledge-

intensiveness level, the knowledge will increase less than at the NBGP and

capital will increase more than along the NBGP. An analogous result is ex-

pected to hold for capital. The numerical simulations of Section 6.1 confirm

these conjectures.

Along the transition path, the proportion of capital and hours worked

allocated to the two sectors is constant. However, workers in the

knowledge-intensive sector devote time to acquiring skills, so that al-

though the share of hours worked L2/L1 remains constant, the share of the

workforce N2/N1 is not constant along the transition path (but it is asymp-

totically constant). Although the initial allocation of workers between the

two sectors is endogenously determined (Proposition 1), the numbers of

individuals in each sector can in principle still increase or decrease along

the transition path while converging toward their stationary values. In

the event that the labor force in the less knowledge-intensive sector de-

creases, the migrating workers will receive the knowledge available in the

knowledge-intensive sector when they join it. Note that, as the population

grows, this situation is not necessarilly implied by a rise of the skilled-

population. Rather than being reallocation of workers, it might simply

be variable distribution of newborns. In the next section we investigate a

plausible numerical example and show that variables move monotonically

along the transition path
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6.1 Transitional dynamics: the numerical strategy and an illus-

trative calibration

The economy is characterized by two initial conditions, k(0) and x(0),

while p(0) and q(0) are pinned down by the equilibrium conditions. To

study the transition dynamics, one way to proceed is to calibrate the model

using a ”plausible”’ asymptotic value of the NBGP. As this depends on q0

(which of course depends on k(0), x(0)); the calibration delivers a value of

q0 in line with the realistic NBGP. As q0 is now fixed, the set of initial condi-

tions (k(0), x(0)) leading to the given NBGP, or equivalently the given q0, is

a one-dimensional manifold. The transition is then numerically evaluated

by letting values of k(0) (or x(0)) be in a neighborhood of k∗, the corre-

sponding value of x(0) and p(0) being pinned down by the equilibrium

conditions. Having fixed the asymptotic equilibrium at a plausible value,

an interesting exercise is to consider an economy initially poorer in capital

than the NBGP level and to study how the relevant variables evolve along

the transition path. A similar approach is to look at an economy initially

poorer in knowledge than the NBGP level.

Following this strategy, the first step is to obtain a plausible NBGP. In

this numerical analysis we use the same data as in Acemoglu and Guerri-

eri [1]. The data are taken from the National Income and Product Accounts

(NIPA) between 1948 and 2005 and industries are classified according to the

North American Industrial Classification System at the 22-industry level of

detail. Unlike Acemoglu and Guerrieri [1], we do not classify industries

according to their capital intensity but according to whether or not they re-

quire technological knowledge, broadly defined. We consider an industry

to be knowledge-intensive if working in this industry requires extensive

initial training. We compare conclusions from two groups of 9 industries,

as in Acemoglu and Guerrieri [1]. The following Table shows the average

capital share of each industry together with the sector classification.

Our model is characterized by 9 parameters, namely δ, ρ, θ, γ, α, β, n, z

and η. We adopt the standard values for the annual depreciation rate

δ = 0.05 and the annual discount rate ρ = 0.02. We use the annual popu-
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Industry Sector Capital share

Educational servives 1 0.10

Management of companies and enterprises 1 0.20

Health care and social asssitance 1 0.22

Durable goods 1 0.27

Administrative and waste management services 1 0.28

Professional, scientific and technical services 1 0.34

Arts, entertainment and recreation 1 0.42

Finance and insurance 1 0.45

Information 1 0.53

Construction 2 0.32

Other services, except government 2 0.33

Transportation and warehousing 2 0.35

Accommodation and food services 2 0.36

Retail trade 2 0.42

Wholesale trade 2 0.46

Nondurable goods 2 0.47

Mining 2 0.66

Utilities 2 0.77

Table 1: Industry capital shares

lation growth rate n = 0.018 from the NIPA data on employment growth

for 1948-2005. Our classification of industries allows us to compute aver-

age shares of capital for two “aggregate sectors” in which α = 0.68 and

β = 0.54. In our model, the capital share in national income is constant

and given by sK = 1 − αγ − (1 − γ)β. Since the US data give sK = 0.4, we

choose the value of γ that leads to this share given the values of α and β.

We then get γ = (0.6 − β)/(α − β) ≈ 0.4286. As in Acemoglu and Guer-

rieri [1], we choose θ = 4, leading to reasonable elasticity of intertemporal

substitution in consumption. As we do not have any empirical evidence to

calibrate the values of the parameters z and η characterizing the differen-

tial equation of individual knowledge, we will adjust these values to match
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the endogenous annual output growth rate gY and the endogenous annual

(asymptotic) net interest rate r∗ = R∗ − δ = ρ + θ(n + gY). The total output

growth between 1948 and 2005 in the NIPA is 3.4%, leading to gY = 0.33.

Following Acemoglu and Guerrieri [1], we choose the value of the asymp-

totic net interest rate used by Barro and Sala-i-Martin [5], namely r∗ = 0.08.

The corresponding values of z and η are then z = 0.09 and η = 0.012.

As shown in Proposition 1, the ratio of capital used in each sector K2/K1

and the ratio of hours worked in each sector L2/L1 are constant over time

and, considering our calibration, equal to

K2
K1

= (1−γ)(1−β)
γ(1−α) ≈ 1.916 and L2

L1
= (1−γ)β

γα ≈ 1.059

However, there are some reallocations of labor from one sector to the other

as the ratio of workers N1/N2 is not constant. The asymptotic value (along

the NBGP) of this ratio is

N2
N1

= u∗ (1−γ)β
γα ≈ 0.554

with the asymptotic fraction of time devoted to production in the

knowledge-intensive sector u∗ ≈ 0.523.

We are now ready to complete our analysis by looking at the transitional

dynamics to the NBGP. We are interested in the properties of the transition

path of the following variables:

Y2(t)
Y1(t)

=
A

1−β
2 B

β
2

A1−α
1 Bα

1

k(t)α−βx(t)−αℓ(t)β−αN
β−α
0 e

− αβ(z−η+n−ρ)
θγα+(1−γ)β

t

N2(t)
N1(t)

= u(t) (1−γ)β
γα

r(t) = Mk(t)−γα−(1−γ)βx(t)γαℓ(t)γα+(1−γ)βN
γα+(1−γ)β
0 − δ

(37)

with A1, A2, B1, B2, M = [1 − γα − (1 − γ)β]D and D as given in Proposi-

tion 1.

For our simulations, we consider that the initial date t = 0 corresponds

to 1948 and thus t = 57 corresponds to 2005. Using the NIPA data for 1948

gives N(0) = 40, 336 (in thousands) and K(0) = k(0) = 244, 900 (in mil-

lions of dollars).7 The initial value of knowledge a(0) = x(0) is adjusted

7To avoid any convergence problem for the simulations, we normalize the initial pop-

ulation to 1, i.e. N(0) = 1, and we proceed with the per-capita initial capital stock

K(0) = k(0) = 6.07.
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to obtain the same initial net interest rate as in Acemoglu and Guerrieri [1],

namely r(0) = 0.095. We immediately conclude that along the transition,

the interest rate must decline as its asymptotic value r∗ is lower. Consider-

ing the expression of Y2(t)/Y1(t) and the fact that the knowledge-intensive

sector is dominant in the long-run, we also know that this ratio has to de-

cline.

6.2 Transitional patterns

The numerical strategy highlighted a few interesting properties. Two types

of results were sought. First, we wanted to know what the converging

paths in Fig 1 looked like. That is, how different choices of k(0) and x(0)

would affect q(0) and thus the NBGP (k∗, x∗, p∗, q∗).
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Figure 2: Manifold of steady states and convergence process

As suggested, Figure 2 shows that lower initial endowment in capital

or knowledge are associated with higher values of q0 and, according to

Theorem 2, lead to lower levels of capital, knowledge and output.

Second, we wanted to reveal the dynamics along the transition path of

the various economic variables, and their speed of convergence.
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Figure 3: Transitional dynamics of the main variables
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Figure 4: Transitional dynamics of the interest rate

A number of features are worth noting. First, as shown in Figure 3,

the economy takes approximately 50 years to reach the asymptotic equi-

librium, during which there are significant reallocations of capital and la-

bor to the knowledge-intensive sector. This shows that knowledge adjust-

ments generate fairly rapid structural change, actually faster than under

the mechanism explored by Acemoglu and Guerrieri [1]. Second, while

there is non-balanced growth at the sectoral level, and as we have shown

previously, even along the transition path, the nominal share of capital in-

come in GDP is constant and equal to sK = 1 − γα − (1 − γ)β. Third, along

the transition path, the speed of convergence is decreasing and comparable

for all economic variables, even for the interest rate, as shown in Figure 4.

This means that we fail to reproduce the slow convergence of the interest

rate achieved by Acemoglu and Guerrieri. We believe that the difference

is the result of the endogenous growth mechanism, which casts doubt on

the generality of the result in Acemoglu and Guerrieri. In our model, along

the planner’s solution, the relative quantities and the relative prices move

in opposite directions in such a way that the value-added shares stay con-

stant. On the transition path, although hours worked do not change, Fig-

ure 3 clearly shows that employment does. However, numerical analysis

seems to suggest that along the transition path, employment follows the

other variables, which would be consistent with the data.
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7 Conclusion

We proposed a two-sector model of non-balanced endogenous growth in

which the final good is produced using two intermediary sectors, one be-

ing knowledge-intensive a la Romer [23]. The endogenous accumulation

of knowledge leads to an unbounded increase in TFP in the knowledge-

intensive sector and thus to capital deepening. As a result, there are labor

reallocations toward the knowledge-intensive sector leading to a greater

increase in its output, i.e. structural transformations. We also showed

that non-balanced growth is consistent with Kaldor facts, in particular the

constant interest rate and capital share in national income. Finally, we

characterized the non-balanced growth path together with the equilibrium

(Pareto-optimal) dynamics in its neighborhood, showing that saddle-point

stability always holds.

We proved that, associated with the non-balanced growth path, there

exists a manifold of steady states parameterized by the initial value of the

price of knowledge. Although each of these steady states is saddle-point

stable and associated with a set of unique non-balanced growth rates, de-

pending on the initial value of capital and knowledge, the economy will

follow a particular growth path converging to a particular level of wealth.

As a consequence, countries with the same fundamentals but lower initial

wealth will be characterized by lower asymptotic wealth. Contrary to Ace-

moglu and Guerrieri [1] but like Lucas [19], we thus prove the existence of

non-convergence across countries in a framework with structural change.

The main contribution of this paper is therefore theoretical. We demon-

strated that the interaction between the endogenous accumulation of

knowledge and the resulting capital deepening generates non-balanced

growth, which is consistent with the main aggregate Kaldor facts. We

showed that the transition variables monotonously approach their NBGP

values. Contrary to the findings of Acemoglu and Guerrieri, even the in-

terest rate rapidly converges to the NBGP.

27



8 Appendix

8.1 Proof of Proposition 1

From equation (14) we get K1 = γ(1−α)
(1−γ)(1−β)

K2. Substituting this expression

into K1 +K2 = K gives the expressions of K1 and K2. From equation (15) we

derive L1 = γα
(1−γ)β

L2 and using L1 + L2 = L we get the expressions of L1

and L2. Recall now that N = N1 + N2 and L = uN1 + N2. We derive uN1 =

B1L = B1(uN1 + N − N1) = B1[N − N1(1 − u)]. Solving this equation with

respect to N1 gives

N1 = B1N
u+B1(1−u)

and thus N2 = u(1−B1)N
u+B1(1−u)

(38)

We finally derive
L = uN

u+B1(1−u) (39)

Using all these results allows us to write aggregate output as follows

Y = DK1−γα−(1−γ)βaγα
(

uN
u+B1(1−u)

)γα+(1−γ)β
(40)

with D = A
γ(1−α)
1 A

(1−γ)(1−β)
2 B

γα
1 B

(1−γ)β
2 . Substituting equation (10) into

equation (9) gives
Pγα Y

ua = Qz (41)

Using (38), (39) and (40) into (41) gives the expression

G(K, a, P, Q, N, u) = γαD
z

P
Q K1−γα−(1−γ)βaγα−1Nγα+(1−γ)β − g(u) = 0 (42)

with g(u) = u1−γα−(1−γ)β [u + B1(1 − u)]γα+(1−γ)β
. Since g(0) = 0 and

g′(u) > 0 for u ∈ (0, 1), we conclude that there exists a unique function

υ : R
5 → such that u = υ(K, a, P, Q, N). Obvious computations show that

∂υ
∂K = − ∂G/∂K

g′(u)
> 0, ∂υ

∂a = − ∂G/∂a
g′(u)

< 0

Finally, substituting the function u = υ(K, a, P, Q, N) into N1, N2, L, Y1, Y2

and Y gives the expressions in the Proposition.

8.2 Proof of Theorem 1

From Proposition 1 we immediately derive that gK = gK1
= gK2

. Differen-

tiating equation (8) gives using (28)
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gc1
= gc2 = − 1

θ gP = 1
θ

[

γ(1 − α) Y
K1

− δ − ρ
]

(43)

It follows that gP = −θgc1
= −θgc2 . Since gP is constant along a NBGP, we

get gK = gY. The capital accumulation equation (6) can be written as

gK = Y
K − δ − NP−1/θ

K

Differentiating this expression using the fact that along a NBGP ġK = 0

yields gK = n − gP/θ. Since aggregate consumption is given by C =

NP−1/θ we conclude that gC = gK.

From the equalities L1 = uN1 and L2 = N2, and considering that along a

NBGP the share u must be constant, we derive that L̇1/L1 = Ṅ1/N1 = gN1

and L̇2/L2 = Ṅ2/N2 = gN2
. Moreover, since L1/L = B1 and L2/L = B2,

we conclude that L̇1/L1 = L̇2/L2 = L̇/L and thus L̇/L = gN1
= gN2

= n.

From (3), (4), (5) and (19) in Proposition 1 we get
Y
K = DK−γα−(1−γ)βaγαLγα+(1−γ)β

Differentiating this expression considering that gK = gY then yields

gK = γα
γα+(1−γ)β

ga + n (44)

Differentiating (41) using (29) yields

gP + gY − ga = gQ = −(z − η − ρ) (45)

Substituting gP = θ(n − gK) and gY = gK into (45) and considering (44) we

conclude that

ga = (z − η + n − ρ) γα+(1−γ)β
θγα+(1−γ)β

gK = (z − η + n − ρ) γα
θγα+(1−γ)β

+ n
(46)

Recall from (31) that ga = z(1 − u) − η. Considering the expression of ga

as given in (46), solving this equality with respect to u gives the expression

(33). A sufficient condition to get u ∈ (0, 1) is given by Assumption 1.

Finally, the differentiation of (4) and (5) gives

gY1
= α(n + ga) + (1 − α)gK

gY2
= βn + (1 − β)gK

We derive from this:

gY1
= (z − η + n − ρ) α[γ+(1−γ)β]

θγα+(1−γ)β
+ n

gY2
= (z − η + n − ρ) γα(1−β)

θγα+(1−γ)β
+ n

and straightforward computations give gY1
> gY > gY2

.
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8.3 Proof of Corollary 1

Let us consider the first-order conditions (9)-(15), Proposition 1 and Theo-

rem 1.

i) We derive from Theorem 1 that the growth rate of K/L is equal to

gK/L = gK − n = (z−η+n−ρ)γα
θγα+(1−γ)β

> 0

ii) This result is obvious from Theorem 1.

iii) Along the NBGP the capital-output ratio is given by

gK/Y = gK − gY = 0

iv) Using (10) and (11), we derive the following expression of GDP

PY = P1Y1 + P2Y2

As both intermediary goods are produced with constant returns technolo-

gies, we have

PY = P1 (r1K1 + w1auN1) + P2 (r2K2 + w2N2)

We then derive the share of capital income in GDP as follows

sK = P1r1K1+P2r2K2
PY

and using the expressions of r1 and r2 respectively given by (16) and (17)

together with (10) and (11), we get

sK = γ(1 − α) + (1 − γ)(1 − β) = 1 − γα − (1 − γ)β

Note that this equality holds for any t ≥ 0, i.e. during the transition and

along the NBGP.

v) As shown by Proposition 1 and equation (23), the real interest rate

is given by R = [1 − γα − (1 − γ)β]Y/K. Along the NBGP we then get

Ṙ/R = gY − gK = 0.

vi) From (10) and (11) we derive that

P1
P = γ Y

Y1
, and P2

P = (1 − γ) Y
Y2

Since gY1
> gY > gY2

, we conclude that gP1/P < 0, gP2/P > 0 and thus

gP2/P1
> 0.

vii) From the results of point vii), we immediately derive that the real

shares of the knowledge-intensive and the second sectors in GDP, Y1/Y and

Y2/Y, are respectively increasing and decreasing while the nominal shares,

P1Y1/PY and P2Y2/PY, are constant.
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8.4 Proof of Lemma 1

Let us consider the stationarized values for K(t), A(t) and P(t) as defined

by k(t) = K(t)e−gK t, x(t) = a(t)e−ga t and p(t) = P(t)e−gPt, for all t ≥ 0.

Recall also that as population is growing at the exponential rate n, we have

N(t) = entN(0) with N(0) = N0 given. From equation (42), we first derive

that

G(K, a, P, Q, N, u) = γαD
z

p
q k1−γα−(1−γ)βxγα−1N

γα+(1−γ)β
0 eΦt − g(u) = 0

with Φ = gP − gQ + [1−γα− (1−γ)β]gK +(γα− 1)ga + [γα+(1−γ)β]n.

Considering the growth rates as given by Theorem 1, we conclude that

Φ = 0. It follows that υ(K, a, P, Q, N) = υ(k, x, p, q, N0) and thus L =

ℓ(k, x, p, q, N0)N. We also get

Y
K = Dk−γα−(1−γ)βxγαN

γα+(1−γ)β
0 ℓ(k, x, p, q, N0)

γα+(1−γ)βeΨt

with Ψ = γαga + [γα + (1 − γ)β](n − gK) = 0. We finally derive

k̇ = k
[

K̇
K − gK

]

, ẋ = x
[

ȧ
a − ga

]

, ṗ = p
[

Ṗ
P − gP

]

The result follows from equations (28)-(31) and the fact that q(t) = q(0) =

q0 for all t ≥ 0.

8.5 Proof of Theorem 2

Consider the stationarized dynamical system as given in Lemma 1. A

steady-state is a solution of the following system

Fk−γα−(1−γ)βaγα
ℓ (k, a, p, q0, N0)

γα+(1−γ)β = δ + ρ − gP (47)

Ek−γα−(1−γ)βaγα
ℓ (k, a, p, q0, N0)

γα+(1−γ)β = gK + δ +
N0 p−

1
θ

k
(48)

z(1 − u) = ga + η (49)

From (49) we get u = (z − ga − η)/z ≡ u∗ as given by (33) and thus ℓ∗ =

u∗/[u∗ + B1(1 − u∗)]. It follows that ℓ∗ does not depend on q0 while along

transition ℓ(t) does. Taking the ratio of (48) on (47) gives after simplification
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gK + δ + N0 p
− 1

θ

k = δ+ρ−gP

1−γα−(1−γ)β
(50)

Substituting (50) into (48) and solving for k gives

k =
[

E[1−γα−(1−γ)β]
δ+ρ−gP

] 1
γα+(1−γ)β

x
γα

γα+(1−γ)β ℓ∗ ≡ Ka
γα

γα+(1−γ)β ℓ∗ (51)

Solving (50) with respect to p using (51) gives

p =
(

Z1K
N0

)−θ
x

−θγα
γα+(1−γ)β ℓ∗−θ ≡ Px

−θγα
γα+(1−γ)β ℓ∗−θ (52)

with

Z1 = δ+ρ−gP

1−γα−(1−γ)β
− δ − gK = ρ−gP−gK+(δ+gK)[γα+(1−γ)β]

1−γα−(1−γ)β
(53)

Note that under Assumption 1, Z1 is positive. Consider finally equation

(41) which can be written as

γα
z E

p
q0

k1−γα−(1−γ)βxγα−1ℓ∗γα+(1−γ)β = u∗ (54)

Substituting (51) and (52) into (54) and solving for a finally gives

X∗ =
[

γα
zu∗q0

EPK1−γα−(1−γ)βℓ∗1−θ
]

γα+(1−γ)β
θγα+(1−γ)β

≡ x∗(q0) (55)

Therefore, substituting (55) into (52) and (51), we find

k∗ = K
[

γα
zu∗q0

EPK1−γα−(1−γ)βℓ∗1−θ
]

γα
θγα+(1−γ)β

ℓ∗ ≡ k∗(q0)

p∗ = P
[

γα
zu∗q0

EPK1−γα−(1−γ)βℓ∗1−θ
]

−θγα
θγα+(1−γ)β

ℓ∗−θ ≡ p∗(q0)

(56)

We conclude that for any given q0 > 0, there exists a unique steady state

(k∗(q0), x∗(q0), p∗(q0)) with k∗
′
(q0) < 0, x∗

′
(q0) < 0 and p∗

′
(q0) > 0.

8.6 Proof of Theorem 2

Before linearizing the dynamical system of Lemma 1 around the steady

state (k∗(q0), x∗(q0), p∗(q0)), we need to compute the derivatives of

the function ℓ(k, x, p, q, N0) with respect to k, x and p evaluated at

(k∗(q0), x∗(q0), p∗(q0)). Consider equation (42) and the definition of the

function g(u) in the proof of Proposition 1. We first get
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ǫgu = g′∗)u∗

g(u∗)
= u∗(1−γ)β+γα[1−γα−(1−γ)β]

u∗(1−γ)β+γα
(57)

Applying the implicit function theorem on equation (42) and considering

that υ(K, a, P, Q, N) = υ(k, x, p, q, N0) together with (57), we derive the elas-

ticities of the function υ(k, a, p, q, N0):

ǫυk = ∂υ
∂k

k
υ = [1−γα−(1−γ)β][u∗(1−γ)β+γα]

u∗(1−γ)β+γα[1−γα−(1−γ)β]

ǫυx = ∂υ
∂x

x
υ = − (1−γα)[u∗(1−γ)β+γα]

u∗(1−γ)β+γα[1−γα−(1−γ)β]

ǫυp = ∂υ
∂p

p
υ = u∗(1−γ)β+γα

u∗(1−γ)β+γα[1−γα−(1−γ)β]

Consider now the function l(u) = u/[u + B1(1 − u)]. We get

ǫlu = l′(u)u
l(u)

= γα
u∗(1−γ)β+γα

Since ℓ(k, x, p, q, N0) = l(υ(k, x, p, q, N0)) we finally derive

ǫℓk = ∂ℓ
∂k

k
ℓ
= ǫluǫυk =

γα[1−γα−(1−γ)β]
u∗(1−γ)β+γα[1−γα−(1−γ)β]

ǫℓax = ∂ℓ
∂x

x
ℓ
= ǫlxǫυx = − γα(1−γα)

u∗(1−γ)β+γα[1−γα−(1−γ)β]

ǫℓp = ∂ℓ
∂p

p
ℓ
= ǫluǫυp = γα

u∗(1−γ)β+γα[1−γα−(1−γ)β]

Let us now consider the dynamical system

ṗ = −p

{

Fk−γα−(1−γ)βxγα
ℓ (k, x, p, q0, N0)

γα+(1−γ)β + gP − δ − ρ

}

≡ F(p, k, x)

k̇ = k

{

Ek−γα−(1−γ)βxγα
ℓ (k, x, p, 1q0, N0)

γα+(1−γ)β − gK − δ −
N0 p−

1
θ

k

}

≡ G(p, k, x)

ẋ = a {z [1 − υ(k, x, p, q0, N0)]− ga − η} ≡ H(p, k, x)

The linearization around the steady state yields after tedious but straight-

forward computations the following Jacobian matrix:

J =











F1(p∗(q0), k∗(q0), x∗(q0)) F2(p∗(q0), k∗(q0), x∗(q0)) F3(p∗(q0), k∗(q0), x∗(q0))

G1(p∗(q0), k∗(q0), x∗(q0)) G2(p∗(q0), k∗(q0), x∗(q0)) G3(p∗(q0), k∗(q0), x∗(q0))

H1(p∗(q0), k∗(q0), x∗(q0)) H2(p∗(q0), k∗(q0), x∗(q0)) H3(p∗(q0), k∗(q0), x∗(q0))
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with

F1(p∗(q0), k∗(q0), x∗(q0)) = − (δ+ρ−gP)γα[γα+(1−γ)β]
u∗(1−γ)β+γα[1−γα−(1−γ)β]

< 0

F2(p∗(q0), k∗(q0), x∗(q0)) = p∗(q0)
k∗(q0)

(δ+ρ−gP)u
∗(1−γ)β[γα+(1−γ)β]

u∗(1−γ)β+γα[1−γα−(1−γ)β]
> 0

F3(p∗(q0), k∗(q0), x∗(q0)) = p∗(q0)
x∗(q0)

(δ+ρ−gP)γα(1−γ)β(1−u∗)
u∗(1−γ)β+γα[1−γα−(1−γ)β]

> 0

G1(p∗(q0), k∗(q0), x∗(q0)) = k∗(q0)
p∗(q0)

{

(δ+ρ−gP)γα[γα+(1−γ)β]
[1−γα−(1−γ)β][u∗(1−γ)β+γα[1−γα−(1−γ)β]]

+ 1
θ

[

δ+ρ−gP

1−γα−(1−γ)β
− δ − gK

] }

> 0

G2(p∗(q0), k∗(q0), x∗(q0)) = (δ+ρ−gP)u
∗(1−γ)β+γα

u∗(1−γ)β+γα[1−γα−(1−γ)β] − δ − gK > 0

G3(p∗(q0), k∗(q0), x∗(q0)) = − k∗(q0)
x∗(q0)

(δ+ρ−gP)
1−γα−(1−γ)β

γα(1−γ)β(1−u∗)
u∗(1−γ)β+γα[1−γα−(1−γ)β]

< 0

H1(p∗(q0), k∗(q0), x∗(q0)) = −zu∗ x∗(q0)
p∗(q0)

u∗(1−γ)β+γα
u∗(1−γ)β+γα[1−γα−(1−γ)β]

< 0

H2(p∗(q0), k∗(q0), x∗(q0)) = −zu∗ x∗(q0)
k∗(q0)

[1−γα−(1−γ)β][u∗(1−γ)β+γα]
u∗(1−γ)β+γα[1−γα−(1−γ)β]

< 0

H3(p∗(q0), k∗(q0), x∗(q0)) = zu∗ (1−γα)[u∗(1−γ)β+γα]
u∗(1−γ)β+γα[1−γα−(1−γ)β]

> 0

We then derive the characteristic polynomial

Q(λ) = λ3 − λ2T + λS −D (58)

with8

T = F1 + G2 +H3

S = F1G2 −G1F2 + G2H3 −H2G3 +F1H3 −H1F3

D = F1 [G2H3 −H2G3]−F2 [G1H3 −H1G3] +F3 [G1H2 −H1G2]

Consider first the expression of T . From (53) and Assumption 1 we get

T = ρ − gK − gP + zu∗ (1−γα)[u∗(1−γ)β+γα]
u∗(1−γ)β+γα[1−γα−(1−γ)β]

> 0

which does not depend on q0. Consider now the expression of D. We derive

8The argument of the derivatives is omitted to save notations.
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after tedious computations

G2H3 −H2G3 = zu∗ [u
∗(1−γ)β+γα][ρ−gK−gP+γα(gK+δ)]

u∗(1−γ)β+γα[1−γα−(1−γ)β]

G1H2 −H1G2 = −zu∗ x∗

p∗
[u∗(1−γ)β+γα][(ρ−gK−gP)(1−θ)+[γα+(1−γ)β](gK+δ)]

{u∗(1−γ)β+γα[1−γα−(1−γ)β]}θ

G1H3 −H1G3 = zu∗ k∗

p∗
[u∗(1−γ)β+γα]{γα(δ+ρ−gP)+

1
θ [ρ−gK−gP+[γα+(1−γ)β](gK+δ)]}

{u∗(1−γ)β+γα[1−γα−(1−γ)β]}[1−γα−(1−γ)β]

We conclude that

D = −zu∗ (ρ−gK−gP)[u
∗(1−γ)β+γα]

{u∗(1−γ)β+γα[1−γα−(1−γ)β]}2

{

γα

[

(ρ − gK − gP)
[

u∗(1 − γ)β

+ γα + (1 − γ)β[γα + (1 − γ)β]
]

+ [γα + (1 − γ)β]2(gK + δ)

]

+ (1−γ)β
θ

[

ρ − gK − gP + [γα + (1 − γ)β](gK + δ)
[

γα[1 − γα − (1 − γ)β](1 − u∗)

+ u∗[γα + (1 − γ)β]
]

]}

< 0

which does not depend on q0. Finally, straightforward computations also

show that S does not depend on q0 either. We conclude that the eigenval-

ues do not depend on the value of q0 and nor, therefore, on the value of the

steady state (p∗(q0), k∗(q0), x∗(q0)). Therefore, since T > 0 and D < 0, we

conclude that for any given steady state (p∗(q0), k∗(q0), x∗(q0)) on the man-

ifold, the local stability properties are the same. For any given q0 > 0, there

exists a unique characteristic root with negative real part and the steady

state (p∗(q0), k∗(q0), x∗(q0)) is saddle-point stable. Therefore, for any given

q0 > 0, there exists a unique p0 > 0 such that the unique converging path

is on the stable manifold of dimension one. Along this converging path all

the variables are bounded and the transversality conditions are satisfied.

Therefore this converging path is the unique optimal solution.
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